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and is almost exact for mass configurations with less steeply varying
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pensate for the underestimated mass-loss rate for clusters on
very eccentric orbits within stong tidal fields and obtain bet-
ter fits to direct NBODY6 integrations (Fig. 2). This criterion
is derived below:

For quantifying the strength of tidal shocks we calculate
the Jacobi radius, rJ , following King (1962):
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Here W = |~r⇥~v|
r2 is the cluster’s orbital galactocentric angular

velocity. We approximate the second spatial derivative of the
galactic potential in Eq. 2 by

∂2f

∂r2 ⇡ a(r + dr)� a(r � dr)
2dr

, (3)

where a(r) is the acceleration at galactocentric radius r, and
dr << r is a sufficiently small distance away from the clus-
ter center. We choose dr = rH to be the 3D half-mass radius1

of the respective globular cluster. This approximation works
well even for the quickly declining 1/r potential close to the
central SMBH (see Figure 1). If a GCs falls below the galac-
tic center distance r = 2rH , the quotient x is assumed to be
constant and rJ is taken to be the rJ at r = 2rH .

Equation 2 is valid for star clusters on eccentric orbits
in arbitrary spherical potentials (see also, e.g., Spitzer 1987;
Read et al. 2006; Just et al. 2009; Küpper et al. 2010a; Renaud,
Gieles & Boily 2011; Ernst & Just 2013). It has been compared

1 For galaxy specific quantities like the half mass radius, RH , we use
capital letters.

Figure 2. Temporal evolution of the cluster mass. The data were
taken from a set of direct N-body experiments of a number of star
clusters on orbits with different eccentricities in the tidal field of a
galaxy. Clusters evolve from their initial masses of ⇡ 3 ⇥ 104M� to-
wards dissolution. The clusters which are affected by the strongest
tidal shocks (solid black, orange and red lines) are subject to fast dis-
solution even though their initial values x = rH0/rJ started below
x = 0.5. The theoretically predicted mass evolutions as described in
§ 2.2.1 and § 2.2.2 are shown with dashed lines.

to N-body simulations of dissolving star clusters and found
to well reproduce the radius at which stars escape from the
star cluster into the tidal tails (Küpper, Lane & Heggie 2012).

We assume that a cluster is disrupted if its ratio x = rH
rJ

is larger than x = 0.5 at any point during its orbit2. This
approach yields a safe lower limit on the disruption rate as
some cluster would be confronted with tidal fields even in
excess of x = 0.5 at perigalacticon. The motivation behind
using the limit x = 0.5 is subject to (i) observations of GCs
in the Milky Way and (ii) direct N-body computations. The
majority of GCs in the Milky Way are on eccentric orbits (Di-
nescu, Girard & van Altena 1999). Most of them have ratios,
x, well below 0.2, while only one GC has x > 0.5 (Baumgardt
et al. 2010; Ernst & Just 2013). The one cluster with x ⇡ 0.55
is the low-mass globular cluster Pal 5, which is thought to be
in the very final stages of dissolution due to its pronounced
tidal tails (Odenkirchen et al. 2003; Dehnen et al. 2004). Ob-
servations therefore suggest a limit of x = 0.5 to be reason-
able. In addition to that we also performed direct N-body
computations with the NBODY6 code (Aarseth 1999, 2003) on
the GPU computers of the SPODYR group at the AIfA, Bonn.
We ran 32 simulations of compact and massive star clusters
(mGC > 104M�) on a range of orbits within a galactic tidal
field. We followed their dynamical evolution for 10 billion
years or until total dissolution, skipping the first 1 Gyr in

2 Furthermore we assume that GCs passing a SMBH within their 3D
half mass radii, rH , are disrupted as well.
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Figure 3. Ratio of initial half-mass radius rH0 = 4pc over Jacobi ra-
dius rJ versus time t for the models shown in Fig. 2. Depending on
their orbits, the ratio x may temporarily reach values of x > 0.5, but
those clusters are subject to quick dissolution. Surviving clusters stay
well below our disruption threshold of x = 0.5 (dashed line) for the
simulation length of 10 billion years.

Figure 4. Mass evolution of an N-body model of a cluster with an
apogalactic distance of 4 kpc and an orbital eccentricity of 0.5 (thick
solid line). Also shown are the theoretical mass evolutions for differ-
ent values of x. If x is chosen too small, the disruption by tidal forces
is overestimated, if it is chosen too large, the cluster survives for too
long.

which the clusters’ evolution is dominated by the SEV pro-
cesses and expansion as a consequence of rapid mass loss.
See Fig. 2 for a representative sample. Also shown in Fig. 2
is the theoretically predicted mass evolution using Eq. 1 and
the disruption criterion x = 0.5. Our model clusters lie in be-
tween a King profile with W0 = 5.0 and W0 = 3.0 so we had
to use b = 1.21 and g = 0.79 for this comparison3.

As can be seen in Fig. 3, some of the clusters evolve
from initial ratios x = rH0

rJ
= 4pc

rJ
⇡ 0.3 quickly to x = 0.5

where they are destroyed very rapidly. Only clusters with
ratios well below x = 0.5 have a chance to survive for more
than a Hubble time. Similar results have also been found by
Trenti, Heggie & Hut (2007) and Küpper, Kroupa & Baum-
gardt (2008). Hence, N-body computations also suggest that
a value of xcrit = 0.5 is a conservative limit for our compu-
tations. This criterion shows in a clear manner which areas
in the phase space cannot be stably populated by clusters of
a given mass. Even more so, because we neglect in our treat-
ment of disruption processes that the half-mass radius grows
with time when the clusters are initially tidally underfilling
(Gieles et al. 2010; Madrid, Hurley & Sippel 2012; Webb et al.
2013). In addition to that, it should be noted that the present
study investigates GC dissolution and disruption processes
in spherical galaxies. Here the angular momentum of cluster
orbits, apart from dynamical friction, is a conserved quan-
tity. A single GC not being fully disrupted once the tidal field
strength exceeds x = 0.5 would be destroyed within the next
few orbits.

As can be seen in Fig. 4, increasing x allows clusters on
very eccentric orbits and deep within the tidal field of their
host galaxy to survive longer than for x = 0.5 and longer
than found in direct N-body simulations. Thus, we may then
overestimate the number of surviving clusters in the central
part of the host galaxies. A value smaller than 0.5 on the other
hand may be too strict. Therefore, computations with more
restrict criteria (x = 0.8 and x = • i.e. no tidal disruption)
but otherwise identical physical properties are performed as
well. Our additional simulations allow us to constrain the
systematics introduced by our second disruption criterium.

2.2.3 Dynamical Friction

Massive objects moving through a background of particles
will decelerate and lose orbital energy by dynamical friction
(DF) (Chandrasekhar 1943). This effect may have profound
implications for the orbital evolution and, hence, the fate of
globular clusters. Our MUESLI code is designed to obtain
the impact of DF on the destruction of GCs in galaxies with
isotropic and anisotropic velocity distributions as well as ax-
isymmetric and triaxial galaxies.

The equation of motion of a massive object like a globu-
lar cluster in a galaxy with DF, is:

~aGC (~r) = �~rf(~r) +~aGC, DF (~r) . (4)

Here, ~aGC is the total acceleration of the globular cluster,
�~rf(~r) is the acceleration due to the combined galactic and
SMBH potential, while ~aGC, DF describes the deacceleration

3 The same parameters b = 1.21 and g = 0.79 were also used in one
of the main computations to examine differences to the GC erosion
rate of clusters having W0 = 5.0 (Figure 6).
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Figure 6. The temporal evolution of the fraction of destroyed globular clusters. Most of the destruction occurs at early times. Hence, we call
this period the tidal disruption dominated phase (TDDP). It is followed by a relaxation-driven dissolution phase. The destruction rate rises up to
100% in models representing the least massive and compact galaxies (MOD1), independent of their velocity distribution. The rate decreases to
50% in the most luminous and extended galaxies (MOD4) with an isotropic velocity structure. The different colors (i.e. black solid, blue long
& red short dashed lines) represent the degree of radial anisotropy characterized by the anisotropy radius RA of the Osipkov-Merritt models.
Purple lines represent computations with more stringent criteria for GC destruction through tidal shocks (§ 2.2.2). Even by using x = 0.8 or
x = • there is a TDDP in the most compact models (MOD1). With the exception of one model (green solid line, upper right panel) GCs have
King profiles with a concentration parameter W0 = 5.0. The green solid line illustrates the difference to a cluster population having parameters
between W0 = 3.0 and W0 = 5.0, or more precisely by using b = 1.21 and g = 0.79 in Equation 1 (§ 2.2.1).

the mass and size of the galaxy i.e. the tidal field. The TDDP
is most pronounced in very compact and not so massive
galaxies and less efficient in very extended galaxies. How-
ever, we note that M 32 (MOD1) is an extremely compact
galaxy and should not be regarded as representative for com-
mon dSph galaxies. We note that there are dwarf elliptical
galaxies with much larger spatial scales than that of M 32.
See also Figure 2 in Dabringhausen et al. (2008). In such dEs
the tidal field is much more gentle and the fraction of de-
stroyed GCs is strongly reduced. For comparison issues we
computed a dSph galaxy model with a Sérsic n=1 density
profile and isotropic velocity distribution (Figure 7). In this

model we found no indication for a pronounced TDDP but
a strong contribution from dynamical friction. It drives large
amounts of GCs to the center where they would merge to-
gether and form a nuclear star cluster.

To get a closer insight into the dynamics of the TDDP,
we performed eight additional computations with more
stringent criteria (x = 0.8 or x = •) for GC desintegration
processes by tidal shocking. See the solid and dotted purple
lines in Figure 6). Evidently, the number of destroyed clusters
during the TDDP decreases and the overall slope rises less
steeply. However, even by using x = • there is evidence for
the occurence of a TDDP in the most compact galaxy mod-
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Figure 6. The temporal evolution of the fraction of destroyed globular clusters. Most of the destruction occurs at early times. Hence, we call
this period the tidal disruption dominated phase (TDDP). It is followed by a relaxation-driven dissolution phase. The destruction rate rises up to
100% in models representing the least massive and compact galaxies (MOD1), independent of their velocity distribution. The rate decreases to
50% in the most luminous and extended galaxies (MOD4) with an isotropic velocity structure. The different colors (i.e. black solid, blue long
& red short dashed lines) represent the degree of radial anisotropy characterized by the anisotropy radius RA of the Osipkov-Merritt models.
Purple lines represent computations with more stringent criteria for GC destruction through tidal shocks (§ 2.2.2). Even by using x = 0.8 or
x = • there is a TDDP in the most compact models (MOD1). With the exception of one model (green solid line, upper right panel) GCs have
King profiles with a concentration parameter W0 = 5.0. The green solid line illustrates the difference to a cluster population having parameters
between W0 = 3.0 and W0 = 5.0, or more precisely by using b = 1.21 and g = 0.79 in Equation 1 (§ 2.2.1).

the mass and size of the galaxy i.e. the tidal field. The TDDP
is most pronounced in very compact and not so massive
galaxies and less efficient in very extended galaxies. How-
ever, we note that M 32 (MOD1) is an extremely compact
galaxy and should not be regarded as representative for com-
mon dSph galaxies. We note that there are dwarf elliptical
galaxies with much larger spatial scales than that of M 32.
See also Figure 2 in Dabringhausen et al. (2008). In such dEs
the tidal field is much more gentle and the fraction of de-
stroyed GCs is strongly reduced. For comparison issues we
computed a dSph galaxy model with a Sérsic n=1 density
profile and isotropic velocity distribution (Figure 7). In this

model we found no indication for a pronounced TDDP but
a strong contribution from dynamical friction. It drives large
amounts of GCs to the center where they would merge to-
gether and form a nuclear star cluster.

To get a closer insight into the dynamics of the TDDP,
we performed eight additional computations with more
stringent criteria (x = 0.8 or x = •) for GC desintegration
processes by tidal shocking. See the solid and dotted purple
lines in Figure 6). Evidently, the number of destroyed clusters
during the TDDP decreases and the overall slope rises less
steeply. However, even by using x = • there is evidence for
the occurence of a TDDP in the most compact galaxy mod-
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Figure 6. The temporal evolution of the fraction of destroyed globular clusters. Most of the destruction occurs at early times. Hence, we call
this period the tidal disruption dominated phase (TDDP). It is followed by a relaxation-driven dissolution phase. The destruction rate rises up to
100% in models representing the least massive and compact galaxies (MOD1), independent of their velocity distribution. The rate decreases to
50% in the most luminous and extended galaxies (MOD4) with an isotropic velocity structure. The different colors (i.e. black solid, blue long
& red short dashed lines) represent the degree of radial anisotropy characterized by the anisotropy radius RA of the Osipkov-Merritt models.
Purple lines represent computations with more stringent criteria for GC destruction through tidal shocks (§ 2.2.2). Even by using x = 0.8 or
x = • there is a TDDP in the most compact models (MOD1). With the exception of one model (green solid line, upper right panel) GCs have
King profiles with a concentration parameter W0 = 5.0. The green solid line illustrates the difference to a cluster population having parameters
between W0 = 3.0 and W0 = 5.0, or more precisely by using b = 1.21 and g = 0.79 in Equation 1 (§ 2.2.1).

the mass and size of the galaxy i.e. the tidal field. The TDDP
is most pronounced in very compact and not so massive
galaxies and less efficient in very extended galaxies. How-
ever, we note that M 32 (MOD1) is an extremely compact
galaxy and should not be regarded as representative for com-
mon dSph galaxies. We note that there are dwarf elliptical
galaxies with much larger spatial scales than that of M 32.
See also Figure 2 in Dabringhausen et al. (2008). In such dEs
the tidal field is much more gentle and the fraction of de-
stroyed GCs is strongly reduced. For comparison issues we
computed a dSph galaxy model with a Sérsic n=1 density
profile and isotropic velocity distribution (Figure 7). In this

model we found no indication for a pronounced TDDP but
a strong contribution from dynamical friction. It drives large
amounts of GCs to the center where they would merge to-
gether and form a nuclear star cluster.

To get a closer insight into the dynamics of the TDDP,
we performed eight additional computations with more
stringent criteria (x = 0.8 or x = •) for GC desintegration
processes by tidal shocking. See the solid and dotted purple
lines in Figure 6). Evidently, the number of destroyed clusters
during the TDDP decreases and the overall slope rises less
steeply. However, even by using x = • there is evidence for
the occurence of a TDDP in the most compact galaxy mod-
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Sé·rsic n=4

no SMBH with SMBH

0

0.2

0.4

0.6

0.8

M•=2.6e9 M�

0

0.2

0.4

0.6

0.8

M•=6.5e7 M�

TDDP

0

0.2

0.4

0.6

0.8

1

0 2.5 5 7.5 10

F
ra

ct
io

n
 o

f 
d

es
tr

o
y

ed
 G

C
s

t [Gyr]

2.5 5 7.5 10

M•=2.5e6 M�

2.5 5 7.5 10 2.5 5 7.5 10

MGAL

MOD4
(2e12 M�)

MOD3
(3e11 M�)

MOD2
(1e11 M�)

MOD1
(0.8e9M�)

RA/RH=0.25, x=0.5

RA/RH=1.0, x=0.5

RA/RH=∞, x=0.5

—

---

¯ ¯ ¯

RA/RH=1.0, x=0.8—

RA/RH=1.0, x=∞
...

Figure 6. The temporal evolution of the fraction of destroyed globular clusters. Most of the destruction occurs at early times. Hence, we call
this period the tidal disruption dominated phase (TDDP). It is followed by a relaxation-driven dissolution phase. The destruction rate rises up to
100% in models representing the least massive and compact galaxies (MOD1), independent of their velocity distribution. The rate decreases to
50% in the most luminous and extended galaxies (MOD4) with an isotropic velocity structure. The different colors (i.e. black solid, blue long
& red short dashed lines) represent the degree of radial anisotropy characterized by the anisotropy radius RA of the Osipkov-Merritt models.
Purple lines represent computations with more stringent criteria for GC destruction through tidal shocks (§ 2.2.2). Even by using x = 0.8 or
x = • there is a TDDP in the most compact models (MOD1). With the exception of one model (green solid line, upper right panel) GCs have
King profiles with a concentration parameter W0 = 5.0. The green solid line illustrates the difference to a cluster population having parameters
between W0 = 3.0 and W0 = 5.0, or more precisely by using b = 1.21 and g = 0.79 in Equation 1 (§ 2.2.1).

the mass and size of the galaxy i.e. the tidal field. The TDDP
is most pronounced in very compact and not so massive
galaxies and less efficient in very extended galaxies. How-
ever, we note that M 32 (MOD1) is an extremely compact
galaxy and should not be regarded as representative for com-
mon dSph galaxies. We note that there are dwarf elliptical
galaxies with much larger spatial scales than that of M 32.
See also Figure 2 in Dabringhausen et al. (2008). In such dEs
the tidal field is much more gentle and the fraction of de-
stroyed GCs is strongly reduced. For comparison issues we
computed a dSph galaxy model with a Sérsic n=1 density
profile and isotropic velocity distribution (Figure 7). In this

model we found no indication for a pronounced TDDP but
a strong contribution from dynamical friction. It drives large
amounts of GCs to the center where they would merge to-
gether and form a nuclear star cluster.

To get a closer insight into the dynamics of the TDDP,
we performed eight additional computations with more
stringent criteria (x = 0.8 or x = •) for GC desintegration
processes by tidal shocking. See the solid and dotted purple
lines in Figure 6). Evidently, the number of destroyed clusters
during the TDDP decreases and the overall slope rises less
steeply. However, even by using x = • there is evidence for
the occurence of a TDDP in the most compact galaxy mod-
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this period the tidal disruption dominated phase (TDDP). It is followed by a relaxation-driven dissolution phase. The destruction rate rises up to
100% in models representing the least massive and compact galaxies (MOD1), independent of their velocity distribution. The rate decreases to
50% in the most luminous and extended galaxies (MOD4) with an isotropic velocity structure. The different colors (i.e. black solid, blue long
& red short dashed lines) represent the degree of radial anisotropy characterized by the anisotropy radius RA of the Osipkov-Merritt models.
Purple lines represent computations with more stringent criteria for GC destruction through tidal shocks (§ 2.2.2). Even by using x = 0.8 or
x = • there is a TDDP in the most compact models (MOD1). With the exception of one model (green solid line, upper right panel) GCs have
King profiles with a concentration parameter W0 = 5.0. The green solid line illustrates the difference to a cluster population having parameters
between W0 = 3.0 and W0 = 5.0, or more precisely by using b = 1.21 and g = 0.79 in Equation 1 (§ 2.2.1).

the mass and size of the galaxy i.e. the tidal field. The TDDP
is most pronounced in very compact and not so massive
galaxies and less efficient in very extended galaxies. How-
ever, we note that M 32 (MOD1) is an extremely compact
galaxy and should not be regarded as representative for com-
mon dSph galaxies. We note that there are dwarf elliptical
galaxies with much larger spatial scales than that of M 32.
See also Figure 2 in Dabringhausen et al. (2008). In such dEs
the tidal field is much more gentle and the fraction of de-
stroyed GCs is strongly reduced. For comparison issues we
computed a dSph galaxy model with a Sérsic n=1 density
profile and isotropic velocity distribution (Figure 7). In this

model we found no indication for a pronounced TDDP but
a strong contribution from dynamical friction. It drives large
amounts of GCs to the center where they would merge to-
gether and form a nuclear star cluster.

To get a closer insight into the dynamics of the TDDP,
we performed eight additional computations with more
stringent criteria (x = 0.8 or x = •) for GC desintegration
processes by tidal shocking. See the solid and dotted purple
lines in Figure 6). Evidently, the number of destroyed clusters
during the TDDP decreases and the overall slope rises less
steeply. However, even by using x = • there is evidence for
the occurence of a TDDP in the most compact galaxy mod-
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Figure 6. The temporal evolution of the fraction of destroyed globular clusters. Most of the destruction occurs at early times. Hence, we call
this period the tidal disruption dominated phase (TDDP). It is followed by a relaxation-driven dissolution phase. The destruction rate rises up to
100% in models representing the least massive and compact galaxies (MOD1), independent of their velocity distribution. The rate decreases to
50% in the most luminous and extended galaxies (MOD4) with an isotropic velocity structure. The different colors (i.e. black solid, blue long
& red short dashed lines) represent the degree of radial anisotropy characterized by the anisotropy radius RA of the Osipkov-Merritt models.
Purple lines represent computations with more stringent criteria for GC destruction through tidal shocks (§ 2.2.2). Even by using x = 0.8 or
x = • there is a TDDP in the most compact models (MOD1). With the exception of one model (green solid line, upper right panel) GCs have
King profiles with a concentration parameter W0 = 5.0. The green solid line illustrates the difference to a cluster population having parameters
between W0 = 3.0 and W0 = 5.0, or more precisely by using b = 1.21 and g = 0.79 in Equation 1 (§ 2.2.1).

the mass and size of the galaxy i.e. the tidal field. The TDDP
is most pronounced in very compact and not so massive
galaxies and less efficient in very extended galaxies. How-
ever, we note that M 32 (MOD1) is an extremely compact
galaxy and should not be regarded as representative for com-
mon dSph galaxies. We note that there are dwarf elliptical
galaxies with much larger spatial scales than that of M 32.
See also Figure 2 in Dabringhausen et al. (2008). In such dEs
the tidal field is much more gentle and the fraction of de-
stroyed GCs is strongly reduced. For comparison issues we
computed a dSph galaxy model with a Sérsic n=1 density
profile and isotropic velocity distribution (Figure 7). In this

model we found no indication for a pronounced TDDP but
a strong contribution from dynamical friction. It drives large
amounts of GCs to the center where they would merge to-
gether and form a nuclear star cluster.

To get a closer insight into the dynamics of the TDDP,
we performed eight additional computations with more
stringent criteria (x = 0.8 or x = •) for GC desintegration
processes by tidal shocking. See the solid and dotted purple
lines in Figure 6). Evidently, the number of destroyed clusters
during the TDDP decreases and the overall slope rises less
steeply. However, even by using x = • there is evidence for
the occurence of a TDDP in the most compact galaxy mod-
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Figure 6. The temporal evolution of the fraction of destroyed globular clusters. Most of the destruction occurs at early times. Hence, we call
this period the tidal disruption dominated phase (TDDP). It is followed by a relaxation-driven dissolution phase. The destruction rate rises up to
100% in models representing the least massive and compact galaxies (MOD1), independent of their velocity distribution. The rate decreases to
50% in the most luminous and extended galaxies (MOD4) with an isotropic velocity structure. The different colors (i.e. black solid, blue long
& red short dashed lines) represent the degree of radial anisotropy characterized by the anisotropy radius RA of the Osipkov-Merritt models.
Purple lines represent computations with more stringent criteria for GC destruction through tidal shocks (§ 2.2.2). Even by using x = 0.8 or
x = • there is a TDDP in the most compact models (MOD1). With the exception of one model (green solid line, upper right panel) GCs have
King profiles with a concentration parameter W0 = 5.0. The green solid line illustrates the difference to a cluster population having parameters
between W0 = 3.0 and W0 = 5.0, or more precisely by using b = 1.21 and g = 0.79 in Equation 1 (§ 2.2.1).

the mass and size of the galaxy i.e. the tidal field. The TDDP
is most pronounced in very compact and not so massive
galaxies and less efficient in very extended galaxies. How-
ever, we note that M 32 (MOD1) is an extremely compact
galaxy and should not be regarded as representative for com-
mon dSph galaxies. We note that there are dwarf elliptical
galaxies with much larger spatial scales than that of M 32.
See also Figure 2 in Dabringhausen et al. (2008). In such dEs
the tidal field is much more gentle and the fraction of de-
stroyed GCs is strongly reduced. For comparison issues we
computed a dSph galaxy model with a Sérsic n=1 density
profile and isotropic velocity distribution (Figure 7). In this

model we found no indication for a pronounced TDDP but
a strong contribution from dynamical friction. It drives large
amounts of GCs to the center where they would merge to-
gether and form a nuclear star cluster.

To get a closer insight into the dynamics of the TDDP,
we performed eight additional computations with more
stringent criteria (x = 0.8 or x = •) for GC desintegration
processes by tidal shocking. See the solid and dotted purple
lines in Figure 6). Evidently, the number of destroyed clusters
during the TDDP decreases and the overall slope rises less
steeply. However, even by using x = • there is evidence for
the occurence of a TDDP in the most compact galaxy mod-
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Figure 6. The temporal evolution of the fraction of destroyed globular clusters. Most of the destruction occurs at early times. Hence, we call
this period the tidal disruption dominated phase (TDDP). It is followed by a relaxation-driven dissolution phase. The destruction rate rises up to
100% in models representing the least massive and compact galaxies (MOD1), independent of their velocity distribution. The rate decreases to
50% in the most luminous and extended galaxies (MOD4) with an isotropic velocity structure. The different colors (i.e. black solid, blue long
& red short dashed lines) represent the degree of radial anisotropy characterized by the anisotropy radius RA of the Osipkov-Merritt models.
Purple lines represent computations with more stringent criteria for GC destruction through tidal shocks (§ 2.2.2). Even by using x = 0.8 or
x = • there is a TDDP in the most compact models (MOD1). With the exception of one model (green solid line, upper right panel) GCs have
King profiles with a concentration parameter W0 = 5.0. The green solid line illustrates the difference to a cluster population having parameters
between W0 = 3.0 and W0 = 5.0, or more precisely by using b = 1.21 and g = 0.79 in Equation 1 (§ 2.2.1).

the mass and size of the galaxy i.e. the tidal field. The TDDP
is most pronounced in very compact and not so massive
galaxies and less efficient in very extended galaxies. How-
ever, we note that M 32 (MOD1) is an extremely compact
galaxy and should not be regarded as representative for com-
mon dSph galaxies. We note that there are dwarf elliptical
galaxies with much larger spatial scales than that of M 32.
See also Figure 2 in Dabringhausen et al. (2008). In such dEs
the tidal field is much more gentle and the fraction of de-
stroyed GCs is strongly reduced. For comparison issues we
computed a dSph galaxy model with a Sérsic n=1 density
profile and isotropic velocity distribution (Figure 7). In this

model we found no indication for a pronounced TDDP but
a strong contribution from dynamical friction. It drives large
amounts of GCs to the center where they would merge to-
gether and form a nuclear star cluster.

To get a closer insight into the dynamics of the TDDP,
we performed eight additional computations with more
stringent criteria (x = 0.8 or x = •) for GC desintegration
processes by tidal shocking. See the solid and dotted purple
lines in Figure 6). Evidently, the number of destroyed clusters
during the TDDP decreases and the overall slope rises less
steeply. However, even by using x = • there is evidence for
the occurence of a TDDP in the most compact galaxy mod-
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Figure 6. The temporal evolution of the fraction of destroyed globular clusters. Most of the destruction occurs at early times. Hence, we call
this period the tidal disruption dominated phase (TDDP). It is followed by a relaxation-driven dissolution phase. The destruction rate rises up to
100% in models representing the least massive and compact galaxies (MOD1), independent of their velocity distribution. The rate decreases to
50% in the most luminous and extended galaxies (MOD4) with an isotropic velocity structure. The different colors (i.e. black solid, blue long
& red short dashed lines) represent the degree of radial anisotropy characterized by the anisotropy radius RA of the Osipkov-Merritt models.
Purple lines represent computations with more stringent criteria for GC destruction through tidal shocks (§ 2.2.2). Even by using x = 0.8 or
x = • there is a TDDP in the most compact models (MOD1). With the exception of one model (green solid line, upper right panel) GCs have
King profiles with a concentration parameter W0 = 5.0. The green solid line illustrates the difference to a cluster population having parameters
between W0 = 3.0 and W0 = 5.0, or more precisely by using b = 1.21 and g = 0.79 in Equation 1 (§ 2.2.1).

the mass and size of the galaxy i.e. the tidal field. The TDDP
is most pronounced in very compact and not so massive
galaxies and less efficient in very extended galaxies. How-
ever, we note that M 32 (MOD1) is an extremely compact
galaxy and should not be regarded as representative for com-
mon dSph galaxies. We note that there are dwarf elliptical
galaxies with much larger spatial scales than that of M 32.
See also Figure 2 in Dabringhausen et al. (2008). In such dEs
the tidal field is much more gentle and the fraction of de-
stroyed GCs is strongly reduced. For comparison issues we
computed a dSph galaxy model with a Sérsic n=1 density
profile and isotropic velocity distribution (Figure 7). In this

model we found no indication for a pronounced TDDP but
a strong contribution from dynamical friction. It drives large
amounts of GCs to the center where they would merge to-
gether and form a nuclear star cluster.

To get a closer insight into the dynamics of the TDDP,
we performed eight additional computations with more
stringent criteria (x = 0.8 or x = •) for GC desintegration
processes by tidal shocking. See the solid and dotted purple
lines in Figure 6). Evidently, the number of destroyed clusters
during the TDDP decreases and the overall slope rises less
steeply. However, even by using x = • there is evidence for
the occurence of a TDDP in the most compact galaxy mod-
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Figure 6. The temporal evolution of the fraction of destroyed globular clusters. Most of the destruction occurs at early times. Hence, we call
this period the tidal disruption dominated phase (TDDP). It is followed by a relaxation-driven dissolution phase. The destruction rate rises up to
100% in models representing the least massive and compact galaxies (MOD1), independent of their velocity distribution. The rate decreases to
50% in the most luminous and extended galaxies (MOD4) with an isotropic velocity structure. The different colors (i.e. black solid, blue long
& red short dashed lines) represent the degree of radial anisotropy characterized by the anisotropy radius RA of the Osipkov-Merritt models.
Purple lines represent computations with more stringent criteria for GC destruction through tidal shocks (§ 2.2.2). Even by using x = 0.8 or
x = • there is a TDDP in the most compact models (MOD1). With the exception of one model (green solid line, upper right panel) GCs have
King profiles with a concentration parameter W0 = 5.0. The green solid line illustrates the difference to a cluster population having parameters
between W0 = 3.0 and W0 = 5.0, or more precisely by using b = 1.21 and g = 0.79 in Equation 1 (§ 2.2.1).

the mass and size of the galaxy i.e. the tidal field. The TDDP
is most pronounced in very compact and not so massive
galaxies and less efficient in very extended galaxies. How-
ever, we note that M 32 (MOD1) is an extremely compact
galaxy and should not be regarded as representative for com-
mon dSph galaxies. We note that there are dwarf elliptical
galaxies with much larger spatial scales than that of M 32.
See also Figure 2 in Dabringhausen et al. (2008). In such dEs
the tidal field is much more gentle and the fraction of de-
stroyed GCs is strongly reduced. For comparison issues we
computed a dSph galaxy model with a Sérsic n=1 density
profile and isotropic velocity distribution (Figure 7). In this

model we found no indication for a pronounced TDDP but
a strong contribution from dynamical friction. It drives large
amounts of GCs to the center where they would merge to-
gether and form a nuclear star cluster.

To get a closer insight into the dynamics of the TDDP,
we performed eight additional computations with more
stringent criteria (x = 0.8 or x = •) for GC desintegration
processes by tidal shocking. See the solid and dotted purple
lines in Figure 6). Evidently, the number of destroyed clusters
during the TDDP decreases and the overall slope rises less
steeply. However, even by using x = • there is evidence for
the occurence of a TDDP in the most compact galaxy mod-
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Figure 6. The temporal evolution of the fraction of destroyed globular clusters. Most of the destruction occurs at early times. Hence, we call
this period the tidal disruption dominated phase (TDDP). It is followed by a relaxation-driven dissolution phase. The destruction rate rises up to
100% in models representing the least massive and compact galaxies (MOD1), independent of their velocity distribution. The rate decreases to
50% in the most luminous and extended galaxies (MOD4) with an isotropic velocity structure. The different colors (i.e. black solid, blue long
& red short dashed lines) represent the degree of radial anisotropy characterized by the anisotropy radius RA of the Osipkov-Merritt models.
Purple lines represent computations with more stringent criteria for GC destruction through tidal shocks (§ 2.2.2). Even by using x = 0.8 or
x = • there is a TDDP in the most compact models (MOD1). With the exception of one model (green solid line, upper right panel) GCs have
King profiles with a concentration parameter W0 = 5.0. The green solid line illustrates the difference to a cluster population having parameters
between W0 = 3.0 and W0 = 5.0, or more precisely by using b = 1.21 and g = 0.79 in Equation 1 (§ 2.2.1).

the mass and size of the galaxy i.e. the tidal field. The TDDP
is most pronounced in very compact and not so massive
galaxies and less efficient in very extended galaxies. How-
ever, we note that M 32 (MOD1) is an extremely compact
galaxy and should not be regarded as representative for com-
mon dSph galaxies. We note that there are dwarf elliptical
galaxies with much larger spatial scales than that of M 32.
See also Figure 2 in Dabringhausen et al. (2008). In such dEs
the tidal field is much more gentle and the fraction of de-
stroyed GCs is strongly reduced. For comparison issues we
computed a dSph galaxy model with a Sérsic n=1 density
profile and isotropic velocity distribution (Figure 7). In this

model we found no indication for a pronounced TDDP but
a strong contribution from dynamical friction. It drives large
amounts of GCs to the center where they would merge to-
gether and form a nuclear star cluster.

To get a closer insight into the dynamics of the TDDP,
we performed eight additional computations with more
stringent criteria (x = 0.8 or x = •) for GC desintegration
processes by tidal shocking. See the solid and dotted purple
lines in Figure 6). Evidently, the number of destroyed clusters
during the TDDP decreases and the overall slope rises less
steeply. However, even by using x = • there is evidence for
the occurence of a TDDP in the most compact galaxy mod-
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Figure 6. The temporal evolution of the fraction of destroyed globular clusters. Most of the destruction occurs at early times. Hence, we call
this period the tidal disruption dominated phase (TDDP). It is followed by a relaxation-driven dissolution phase. The destruction rate rises up to
100% in models representing the least massive and compact galaxies (MOD1), independent of their velocity distribution. The rate decreases to
50% in the most luminous and extended galaxies (MOD4) with an isotropic velocity structure. The different colors (i.e. black solid, blue long
& red short dashed lines) represent the degree of radial anisotropy characterized by the anisotropy radius RA of the Osipkov-Merritt models.
Purple lines represent computations with more stringent criteria for GC destruction through tidal shocks (§ 2.2.2). Even by using x = 0.8 or
x = • there is a TDDP in the most compact models (MOD1). With the exception of one model (green solid line, upper right panel) GCs have
King profiles with a concentration parameter W0 = 5.0. The green solid line illustrates the difference to a cluster population having parameters
between W0 = 3.0 and W0 = 5.0, or more precisely by using b = 1.21 and g = 0.79 in Equation 1 (§ 2.2.1).

the mass and size of the galaxy i.e. the tidal field. The TDDP
is most pronounced in very compact and not so massive
galaxies and less efficient in very extended galaxies. How-
ever, we note that M 32 (MOD1) is an extremely compact
galaxy and should not be regarded as representative for com-
mon dSph galaxies. We note that there are dwarf elliptical
galaxies with much larger spatial scales than that of M 32.
See also Figure 2 in Dabringhausen et al. (2008). In such dEs
the tidal field is much more gentle and the fraction of de-
stroyed GCs is strongly reduced. For comparison issues we
computed a dSph galaxy model with a Sérsic n=1 density
profile and isotropic velocity distribution (Figure 7). In this

model we found no indication for a pronounced TDDP but
a strong contribution from dynamical friction. It drives large
amounts of GCs to the center where they would merge to-
gether and form a nuclear star cluster.

To get a closer insight into the dynamics of the TDDP,
we performed eight additional computations with more
stringent criteria (x = 0.8 or x = •) for GC desintegration
processes by tidal shocking. See the solid and dotted purple
lines in Figure 6). Evidently, the number of destroyed clusters
during the TDDP decreases and the overall slope rises less
steeply. However, even by using x = • there is evidence for
the occurence of a TDDP in the most compact galaxy mod-
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Figure 11. Final (3D) anisotropy profiles of the surviving GC population, b = 1 � (s2
q + s2

f)/2s2
r , as a function of the galactocentric radius. The

error values are obtained by the bootstrapping method. All GCs are weighted equally without discrimination of their mass/luminosity. In all
computed models the central velocity distribution becomes tangentially biased. In configurations with initial radial anisotropy, the tangential
biased region develops within the 3D half mass radius. For MOD2 and MOD3 only clusters above the mass threshold mGC = 104M� are taken
into account (blue dashed curves). Unfiltered values are plotted in MOD4.

Our computations demonstrate a relation between core sizes
of globular cluster systems and the host galaxies mass and
velocity distributions. A quantitative evaluation of this cor-
relation will be an interesting task for a follow-up investiga-
tion.

3.3 Final Globular Cluster Mass Distribution

Fig. 12 shows the evolution of the globular cluster mass func-
tion (left-hand panels). Results are plotted for three galax-
ies with Sérsic n = 4 density profiles, central SMBHs and a
radially biased velocity distributions. Evidently, a moderate

degree of radial anisotropy (RA/RH = 1) transforms initial
power law distributions into bell shaped curves (upper and
middle panels) with a peak at approx. 105M�. However, the
GC destruction rate in the most massive and extended galax-
ies (MOD4) is reduced owing to weak tidal fields. Here, the
total fraction of dissolved GCs is not high enough to turn a
power law distribution into a bell shaped curve peaking at
2 · 105M�. Stronger initial anisotropy or mass loss related to
gas-expulsion (Kroupa & Boily 2002; Baumgardt et al. 2008)
might represent one solution to this discrepancy. Indeed, in-
cluding gas expulsion during the gas rich cluster phase re-
sults in a bell shaped mass function after 10 Gyr of evolu-
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SMBH, Sé·rsic n=4

RA/RH=1

0.01

0.1

1

10

100

10
3

0.1 1 10 100

MOD3

1 10 100

MOD3

0.1

1

10

100

10
3

10
4

0.1 1 10 100

MOD2

1 10 100

MOD2

Figure 9. Projected 2D number density profiles of globular cluster systems with isotropic and radially biased (RA/RH = 1) velocity distributions.
The slope of the initial GC configuration (solid black curve) also corresponds to the stellar light profile of its host galaxy. In all cases surviving
globular cluster systems turn into centrally shallower configurations. Interestingly, central core profiles seem to be less pronounced in radially
biased configurations provided they are compared to initial profiles (black lines). In anisotropic velocity configurations, GCs at large spatial
scales are eroded more efficiently and the shape of the number density profile is less affected. Observational limitations are handled by using a
GCs threshold mass (Mth = 2 · 105M� in MOD4, Mth = 104M� in MOD3 and MOD2). Core sizes become more pronounced when all clusters
are considered (purple curves with Mth = 102M�). However, core sizes in MOD3 and MOD2 are close to the unfiltered values as the number
of GCs below 104M� is negligible (see the cluster mass distribution in Fig. 12). We note that for comparison issues the blue lines are rescaled by
constant factors.

galaxy r ⇡ 3.5kpc (figure 6 in Harris et al. 2009) where the
GC number density profile becomes more shallow than the
stellar light profile of NGC 4889. However, in a more realistic
scenario, erosion is only partly responsible for the observed
central shallow profiles, as in these galaxies’ major merger
events will also contribute to the spatial flattening of the ra-
dial GC density profiles (Bekki & Forbes 2006).

(iv) Our computations also reflect the preferential destruc-
tion of GCs on elongated orbits and the consequences for the

dynamics of the surviving globular cluster system. After 10
Gyr of evolution, the central regions of the plotted models
(Figure 11) show strong signs of a tangential bias subject to
the preferential survival of GCs on circular orbits. In models
with initial radial anisotropy along r, the tangential biased
region develops within the 3D half mass radius. At large dis-
tances the radial anisotropy is reduced but still persists at
significant levels.
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Radial isotropy/anisotropy in the outer halo is 
conserved, center gets tangentially biased

Brockamp et al. (2014)
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Our computations demonstrate a relation between core sizes
of globular cluster systems and the host galaxies mass and
velocity distributions. A quantitative evaluation of this cor-
relation will be an interesting task for a follow-up investiga-
tion.

3.3 Final Globular Cluster Mass Distribution

Fig. 12 shows the evolution of the globular cluster mass func-
tion (left-hand panels). Results are plotted for three galax-
ies with Sérsic n = 4 density profiles, central SMBHs and a
radially biased velocity distributions. Evidently, a moderate

degree of radial anisotropy (RA/RH = 1) transforms initial
power law distributions into bell shaped curves (upper and
middle panels) with a peak at approx. 105M�. However, the
GC destruction rate in the most massive and extended galax-
ies (MOD4) is reduced owing to weak tidal fields. Here, the
total fraction of dissolved GCs is not high enough to turn a
power law distribution into a bell shaped curve peaking at
2 · 105M�. Stronger initial anisotropy or mass loss related to
gas-expulsion (Kroupa & Boily 2002; Baumgardt et al. 2008)
might represent one solution to this discrepancy. Indeed, in-
cluding gas expulsion during the gas rich cluster phase re-
sults in a bell shaped mass function after 10 Gyr of evolu-
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SMBH, Sé·rsic n=4

t=0Gyr
t=10Gyr

—
-----

RA/RH=∞

β
(R

)

R[kpc]

10 100 10
3

MOD4

— no GC threshold mass
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Our computations demonstrate a relation between core sizes
of globular cluster systems and the host galaxies mass and
velocity distributions. A quantitative evaluation of this cor-
relation will be an interesting task for a follow-up investiga-
tion.

3.3 Final Globular Cluster Mass Distribution

Fig. 12 shows the evolution of the globular cluster mass func-
tion (left-hand panels). Results are plotted for three galax-
ies with Sérsic n = 4 density profiles, central SMBHs and a
radially biased velocity distributions. Evidently, a moderate

degree of radial anisotropy (RA/RH = 1) transforms initial
power law distributions into bell shaped curves (upper and
middle panels) with a peak at approx. 105M�. However, the
GC destruction rate in the most massive and extended galax-
ies (MOD4) is reduced owing to weak tidal fields. Here, the
total fraction of dissolved GCs is not high enough to turn a
power law distribution into a bell shaped curve peaking at
2 · 105M�. Stronger initial anisotropy or mass loss related to
gas-expulsion (Kroupa & Boily 2002; Baumgardt et al. 2008)
might represent one solution to this discrepancy. Indeed, in-
cluding gas expulsion during the gas rich cluster phase re-
sults in a bell shaped mass function after 10 Gyr of evolu-
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Our computations demonstrate a relation between core sizes
of globular cluster systems and the host galaxies mass and
velocity distributions. A quantitative evaluation of this cor-
relation will be an interesting task for a follow-up investiga-
tion.

3.3 Final Globular Cluster Mass Distribution

Fig. 12 shows the evolution of the globular cluster mass func-
tion (left-hand panels). Results are plotted for three galax-
ies with Sérsic n = 4 density profiles, central SMBHs and a
radially biased velocity distributions. Evidently, a moderate

degree of radial anisotropy (RA/RH = 1) transforms initial
power law distributions into bell shaped curves (upper and
middle panels) with a peak at approx. 105M�. However, the
GC destruction rate in the most massive and extended galax-
ies (MOD4) is reduced owing to weak tidal fields. Here, the
total fraction of dissolved GCs is not high enough to turn a
power law distribution into a bell shaped curve peaking at
2 · 105M�. Stronger initial anisotropy or mass loss related to
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might represent one solution to this discrepancy. Indeed, in-
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1  Importance for Globular Cluster Systems

2  Importance for Individual Globular Clusters



Orbital eccentricity causes higher mass loss rates

Küpper et al. (in prep.)



All clusters expand rapidly into their Roche lobe

Küpper et al. (in prep.)



Clusters have a tiny core collapse in the beginning

Küpper et al. (in prep.)



In the Milky Way halo outer-halo clusters have all 
large half-light radii

Harris (2010)
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In the Milky Way halo outer-halo clusters have all 
large half-light radii
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TABLE 1
Mass Function Index and Central

Concentration

Object a c MV Ref.

NGC 104 . . . . . . . !1.2 2.03 !9.42 1
NGC 288 . . . . . . . "0.0 0.96 !6.74 2
NGC 2298 . . . . . . "0.5 1.28 !6.30 3
Pal 5 . . . . . . . . . . . . !0.4 0.70 !5.17 4
NGC 5139 . . . . . . !1.2 1.61 !10.29 1
NGC 5272 . . . . . . !1.3 1.84 !8.93 1
NGC 6121 . . . . . . !1.0 1.59 !7.20 5
NGC 6218 . . . . . . "0.1 1.29 !7.32 6
NGC 6254 . . . . . . !1.1 1.40 !7.48 1
NGC 6341 . . . . . . !1.5 1.81 !8.20 1
NGC 6352 . . . . . . !0.6 1.10 !6.48 7
NGC 6397 . . . . . . !1.4 2.50 !6.63 8
NGC 6496 . . . . . . !0.7 0.70 !7.23 7
NGC 6656 . . . . . . !1.4 1.31 !8.50 9
NGC 6712 . . . . . . "0.9 0.90 !7.50 10
NGC 6752 . . . . . . !1.6 2.50 !7.73 1
NGC 6809 . . . . . . !1.3 0.76 !7.55 1
NGC 6838 . . . . . . "0.2 1.15 !5.60 11
NGC 7078 . . . . . . !1.9 2.50 !9.17 12
NGC 7099 . . . . . . !1.4 2.50 !7.43 1

Notes.—For clusters marked with an asterisk fol-
lowing the cluster name the value of a is that of the
GMF. For all other objects, a is the index of the MF
measured near the half-mass radius.

References.—(1) PDM00; (2) Bellazzini et al.
2002; (3) De Marchi & Pulone 2007; (4) Koch et al.
2004; (5) Pulone et al. 1999; (6) DMPP06; (7) Pulone
et al. 2003; (8) De Marchi et al. 2000; (9) Albrow et
al. 2002; (10) Andreuzzi et al. 2001; (11) L. Pulone
et al. 2007, in preparation; (12) Pasquali et al. 2004.

Fig. 1.—Observed trend between MF index a and the central concentration
parameter c. Clusters are indicated by their NGC (or Pal) index number. Objects
for which a GMF index is available are marked with a circled cross. The large
crosses indicate the average and 1 j distribution of a and c for clusters with
c-values above and below 1.4. The dashed line is an eyeball fit to the
distribution.

above, that have recently been shown to have a depleted GMF
at the low-mass end. Finally, we have added to the sample
NGC 288, whose LF has been studied by Bellazzini et al.
(2002) with the HST and also reveals a paucity of low-mass
stars. The complete sample is listed in Table 1, where column
(1) gives the cluster name, column (2) the MF index a in the
mass range 0.3–0.8 , column (3) the value of the centralM,

concentration parameter c, column (4) the total integrated mag-
nitude , both from Harris (1996), and column (5) the bib-MV

liographic reference.
As for the value of a, it has been derived as follows. For

those clusters for which a GMF index exists from multimass
models (indicated by an asterisk following the cluster name),
that value is used. For all other clusters, a is the index of the
power-law MF that, once folded through the derivative of the
mass-luminosity (M-L) relationship appropriate for the cluster’s
metallicity, best fits the LF measured near the half-mass radius
( ), since there the MF is expected to closely approach therhm
GMF (DeMarchi et al. 2000). For clusters in the sample studied
by PDM00, we adopted the same M-L used in that work, while
for the remaining objects the M-L relationship of Baraffe et al.
(1997) for the appropriate metallicity was used. As pointed out
by PDM00, since the LF of NGC 6341 and NGC 7099 were
measured farther out in the cluster, namely, at about 4 times
the half-mass radius, in principle a small positive correction to
the measured index a should be applied to account for the
steepening of the MF with increasing radial distance caused
by mass segregation. This correction amounts to less than
0.2 dex and is included in the values listed in Table 1. The
correction being relatively small, however, none of our con-
clusions would change if we were to ignore it.
In Figure 1 we show the run of a as a function of c from

Table 1. It is immediately obvious that there are no high-

concentration clusters with a shallow GMF. It also appears
that a relatively low concentration is a necessary but not
sufficient condition for a depleted GMF. The median value
of c (1.4) splits the cluster population roughly in two groups,
one with lower and one with higher concentration. The mean
GMF index of the first group is , while thea p !0.3! 0.7
second has a much tighter distribution with a p !1.4!
. The average values and the associated!1 j uncertainties0.3

are shown as thick crosses in Figure 1. Due to the large
dispersion of a at low concentration, it is not possible to
derive a precise correlation between c and a over the whole
range spanned by these parameters. On the other hand, the
GMF becomes undoubtedly less steep as c decreases. The
relationship is a simple yet satisfactory eye-a " 2.5 p 2.3/c
ball fit to the distribution (Fig. 1, dashed line).

3. DISCUSSION

The result shown in Figure 1 is very surprising, since there
is a clear absence of centrally concentrated clusters that are
depleted in low-mass stars as one would expect of GCs un-
dergoing tidal disruption, i.e., objects that should occupy the
upper right quadrant of Figure 1. This is contrary to theoretical
expectations, since the same relaxation mechanism that drives
a cluster toward higher central density and, eventually, core
collapse is also responsible for the dissolution of the cluster,
via evaporation (Spitzer 1987). Therefore, as a cluster evolves
dynamically in the course of its lifetime, one would expect that
its GMF should become shallower at the low-mass end while
the central concentration parameter should increase. Put dif-
ferently, severe mass loss should be a sufficient, yet not nec-
essary, condition for core collapse. In this simple scheme, one
would for instance expect that NGC 2298 and NGC 6218, with

should have a much denser core than NGC 6397a ! 0.3–0.5
with . Clearly, this picture is not at all consistent witha ! !1.6
the results shown in Figure 1.
That cluster concentration somehow creates variations in the

initial mass function (IMF) is not a plausible explanation for

de Marchi et al. (2007)

Salpeter slope

Orbital eccentricity causes higher mass loss rates



Global mass function gets depleted as cluster 
loses mass

Küpper et al. (in prep.)



Webb et al. (2014)

6 Webb, J. J.
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Figure 5. The evolution of the global α is plotted as a function of
time (left panel) and fraction of initial mass (right panel). Models
are separated by colour as indicated.

1000 Myr and each cluster has completed multiple orbits and
experienced the combined effects of the galactic potential
that the evolution of α becomes orbit dependent. For a given
fraction of initial mass, α will then be higher for a cluster
with a large < Rgc > as the weaker tidal field can only
remove the least massive of the low mass stars. A stronger
tidal field can remove stars over a larger mass range, slowing
the evolution of α.

We have already shown that tidal heating, on top of
the lower mass and smaller scale size of an eccentric clus-
ter, accelerates its dynamical evolution compared to a GC
with a circular orbit and either the same semi-major axis,
the same < Rgc > or the same RΨ. Comparing GCs as a
function of initial mass, α increases at a faster rate with
increasing eccentricity (for a given Rp) because the weaker
tidal field again can only remove the lowest of low mass stars.
Since clusters with higher orbital eccentricities are subject
to increased tidal heating and a tidal shock at Rp, a larger
fraction of low-mass stars populating the outer regions have
the potential to be tidally stripped.

6.2 Radial Dependence of the Mass Function

It is often the case that the slope of the mass function
for a given GC is measured in a specific region of the GC
(De Marchi, Paresce & Portegies Zwart 2010, e.g.). There-
fore, to properly compare with observable parameters we
consider the evolution of α for stars in different radial re-
gions of the cluster. Specifically we focus on stars within the
10% Lagrangian radius (r10), stars between r10 and the half
mass radius (rm), and bound stars beyond rm. For our pur-
poses, rm is used as a substitute for rh because it undergoes
a smoother evolution from time step to time step than rh.

The slope of the mass function in all radial bins (Fig-
ure 6) follows the same trend as the global mass function,

0 4000 8000 0 4000 8000

Figure 6. Slope of the mass function (α) for stars within r10

(left), stars between r10 and rm (center), and bound stars beyond
rm (right). Models are separated by colour, as indicated in the
right panel.

however within observational uncertainties the inner mass
function appears to be independent of orbit. The orbital in-
dependence is due to two-body interactions being the dom-
inant physical process in the core of a GC relative to tidal
stripping. Assuming a Universal IMF, the nearly orbit inde-
pendent evolution of α for r < r10 could be used to solve
for the initial MF and hence total initial mass of MW GCs
given their core mass function (Leigh et al. 2012).

For the intermediate mass function, we begin to see a
clear separation in the evolution of α for GCs with different
orbits. α increases at a slower rate than the inner region, pri-
marily because both two-body relaxation and tidal stripping
are in effect. The removal of low mass stars via tidal strip-
ping slows the evolution of α compared to if just two-body
relaxation was occurring.

In the outer region we see an initial decrease in α
as mass segregation results in high mass stars migrating
to the inner region of the GC. However, α quickly be-
gins to increase for tidally filling clusters (e0r6, e05r18)
as they lose mass. Unlike the inner region of the clus-
ter, tidal stripping is now the dominant mechanism and
can produce significantly different values of α based on
cluster orbit. Specifically the difference between e0r6 and
e05r18 is larger in the outer region than the intermediate re-
gion. With observational uncertainties in α typically ranging
from 2 to 15% (De Marchi, Paresce & Portegies Zwart 2010;
Paust et al. 2010), discrepancies of this magnitude should
be measurable in high quality observations. For the outer
regions of clusters e0r18, e09r104, and e0r104, α is still de-
creasing as the cluster relaxes. Since outer clusters are either
barely tidally filling or not at all (see Figure 2), two-body
interaction is the only mechanism affecting the outer region
of the GC and the evolution of α is not accelerated due to
tidal stripping. Unfortunately, the outer mass functions of
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Mass function inside half-mass radius gets 
flattened even without significant mass loss

Küpper et al. (in prep.)



Low-mass stars are being kicked on long radial 
orbits into the halo of the cluster

Küpper et al. (in prep.)

�(R) = 1�
�2
✓ + �2

�

2�2
R



Küpper et al. (in prep.)

�(R) = 1�
�2
✓ + �2

�

2�2
R

Low-mass stars are being kicked on long radial 
orbits into the halo of the cluster



1
  + Most GCs got disrupted by the Galactic tidal field 

  + Today rather tangential orbits in the Galactic center 

  + Anisotropy in the outer halo is conserved

2
  + Eccentricity causes higher mass loss for inner halo

  + Evolution similar for deeply embedded clusters 

  + Low mass stars are efficiently removed from center



Palomar clusters are very extended and in the very 
outer halo

Harris (2010)
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Extended clusters have present-day two-body 
relaxation times of many Gyr

Baumgardt et al. (2010)

1836 H. Baumgardt et al.

Figure 4. Half-mass radius rh versus cluster mass for globular clusters
with RGC < 8 kpc (green triangles) and for clusters RGC > 8 kpc that are
weakly influenced by the Galactic tidal field (rh/rJ < 0.07, red crosses)
and for strongly tidally influenced clusters (0.07 < rh/rJ < 0.3, blue dots).
Clusters weakly influenced by the tidal field are all massive and compact
while strongly tidally influenced clusters have significantly smaller masses.
Inner clusters also have smaller masses on average, which might be a result
of their stronger dissolution. Dashed lines show where clusters with a given
half-mass relaxation time are located in this plot.

We conclude that clusters in the compact group also formed
very compact. N-body simulations show that the expansion factor
due to gas expulsion is typically a factor of 2–3 for moderate star
formation efficiencies of 30–40 per cent (Baumgardt & Kroupa
2007), and stellar evolution will increase this value by another
factor of 2 if mass is lost adiabatically. Hence, the initial half-mass
radius of clusters in the compact group must have been around 1
pc or less. Since most star clusters inside 8 kpc have half-mass
radii very similar to compact group star clusters, it seems likely that
most globular clusters in the Milky Way formed compact and with
half-mass radii of 1 pc or less, which is comparable to the half-mass
radius of embedded star clusters in the Milky Way (Lada & Lada
2003).

3.3 Origin of the tidally filling cluster group

Fig. 4 depicts the position of inner clusters (green triangles) and of
clusters with rh/r J < 0.07 (red crosses) and clusters with rh/r J >

0.07 (blue dots) in a half-mass radius versus mass diagram. It can be
seen that clusters with rh/r J < 0.07 are mostly massive clusters with
half-mass radii of a few pc, while clusters with rh/r J > 0.07 have
larger radii and also smaller masses. Due to the smaller masses,
clusters in the tidally filling group should on average be closer
to dissolution. This is confirmed by observational data for a few
clusters like Pal 5, which has very pronounced tidal tails and might
be on its final orbit before dissolution (Odenkirchen et al. 2001;
Dehnen et al. 2004). Clusters in the inner Milky Way also have
smaller masses than compact outer clusters which might be due to
stronger cluster dissolution in the inner Milky Way as a result of
the stronger tidal field (Vesperini & Heggie 1997; Baumgardt &
Makino 2003).

One way to explain the large radii of the tidally filling clus-
ters would be that they also formed extended. Indeed, Elmegreen
(2008) has recently discussed different modes of star formation and
attributed the difference between star formation in bound clusters
and loose groupings to a difference in cloud pressure and different
background tidal forces. This could explain why clusters with low
densities are only found far away from the centres of major galaxies
or in dwarf galaxies. The fact that Milky Way globular clusters are
clearly separated in rh/r J is however more difficult to understand
if cluster radii are set at formation time. An alternative viewpoint
would be that the tidally filling clusters expanded from smaller radii,
possibly, for example, through post-collapse expansion driven by a
population of stellar binaries in the cluster core. Goodman (1984)
and Baumgardt et al. (2002) (their equation 4) estimated that during
post-core-collapse expansion, the half-mass radius of an isolated
cluster satisfies

rh(t) = rh0 (t/tcc)(2+ν)/3 , (3)

where rh0 is the initial half-mass radius, t cc the time of core collapse
and ν ≈ 0.1 a constant related to the cluster mass loss. Gieles
& Baumgardt (2008) found that the above relation also holds for
clusters in a tidal field as long as rh/r J < 0.05. For clusters with
a narrow mass spectrum, core collapse happens after seven to 10
initial half-mass relaxation times (Gürkan et al. 2004), in which case
the above relation would predict that expanding clusters should have
relaxation times which are roughly 1/10th of their current age, i.e.
of the order of T RH ≈ 109 yr. The majority of clusters in the tidally
filling group however have relaxation times T RH > 3 × 109 yr, which
is too large to be explained by binary-driven expansion from small
radii. Also the fact that tidally filling clusters have on average larger
relaxation times than compact clusters argues against post-collapse
expansion from smaller radii.

Merritt et al. (2004) and Mackey et al. (2007) have shown that
stellar mass black holes (BHs), if present in sufficient numbers,
can cause strong cluster expansion. For clusters retaining all the
black holes formed in them, Mackey et al. (2008) found that the
core radius can reach values up to 8 pc after 10 Gyr of evolution
and is almost as large as the half-mass radius. This value is large
enough to explain the half-mass radii of a significant fraction of
clusters in the tidally filling group (see Fig. 4). Interestingly, in
such a case clusters of the tidally filling group would have been
the most compact clusters initially such as to be able to retain their
BHs. However, some clusters in the tidally filling group have half-
mass radii too large to be explained by BH-driven expansion and
there is no significant difference in metallicity between compact and
tidally filling clusters, as might be expected if BH kick velocities de-
pend on metallicity, which both argue against BH-driven expansion.
Central intermediate-mass black holes can also act as an efficient
heat source, but judging from the results of Baumgardt, Makino &
Ebisuzaki (2004), the half-mass radii of most clusters in the tidally
filling group are too large to be explained by intermediate-mass
black hole driven expansion. Strong expansion is also possible by
stellar evolution if star clusters are initially mass segregated since
the fractional loss of potential energy can in such a case be much
larger than the mass fraction lost by stellar evolution (Vesperini,
McMillan & Portegies Zwart 2009).

The question of whether clusters in the tidally filling group were
born compact and later expanded or already formed with the large
half-mass radii we see today therefore remains open. If they formed
with large half-mass radii, their initial relaxation times were also
quite large and the clusters should be dynamically less evolved.
In this case, they would not be mass segregated, so measuring
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FIG. 3.— Cumulative radial distribution of the BSS, RGB and HB popula-
tions of Pal14 within 300′′ from the center, with the distance normalized to
the cluster core radius (rc = 36′′, from S11).
the sampled light, we have integrated the King profile best-
fitting the surface density distribution (from S11). The radial
trend of RRGB and RBSS in the same annuli previously defined
is shown in the lower panel of Fig. 4. As apparent, it turns out
to be constant and equal to 1 not only for the RGB (and the
HB) stars, but also for the BSS, thus further demonstrating
that this population has a radial distribution fully consistent
with that of the reference ones.

4. DISCUSSION
The radial distribution of BSS in Pal14 is indistinguishable

from that of its normal (and less massive) stars. As in the
case of the only two other clusters showing the same feature
(ωCen and NGC2419; Ferraro et al. 2006; Dalessandro et al.
2008, respectively), this is an observational proof that Pal14
is dynamically young, still far from having established energy
equipartition even in its innermost regions. This is in agree-
ment with the extremely long half-mass radius relaxation time
(∼ 20 Gyr) recently estimated by S11. Moreover, our results
suggest that the unusually flat mass function measured by
Jordi et al. (2009) cannot be explained by energy equipartition
developed during the cluster dynamical evolution, but should
be primordial (as suggested by Zonoozi et al. 2011). We note
that since the mass range covered by that study is quite lim-
ited, further investigation is needed. Finally, the negligible
degree of relaxation of Pal14 suggests that the observed tidal
tails should not be preferentially populated by low mass stars
evaporated from the cluster.
The flat BSS radial distribution also suggests that (as ex-

pected in such a low density environment) stellar collisions
played a minor role in generating these exotica and affecting
the binary population. Hence, as in the case of ωCentauri
and NGC 2419, the BSS we are observing likely derive from
the evolution of primordial binaries and can be used to get a
rough estimate of the fraction of such a population. As a first
consideration, we note that the number of BSS normalized to
the sampled luminosity (in units of 104L⊙, see Ferraro et al.

FIG. 4.— From top to bottom: radial distribution of the number fractions of
HB and RGB stars, BSS and RGB stars, BSS and HB stars, and of the double
normalized ratios Rpop (see text) of BSS (dots) and RGB stars (gray regions,
with the vertical size corresponding to the error bars). The ratios and their
errors were calculated assuming that the number counts of each sample were
uncorrelated Poisson variables (Cerviño & Valls-Gabaud 2003).

1995) is S4BSS ≃ 2 in ωCentauri and S4BSS ≃ 3 in NGC 2419.
The same ratio in Pal14 rises to 29 (i.e. a value 10 times larger
than what found in the two clusters with similar BSS radial
distribution). However this value is not that surprising when
compared to the field. In fact, as discussed by Ferraro et al.
(2006), the observed BSS specific frequency NBSS/NHB = 0.1
in ωCentauri turned out to be ∼ 40 times lower that what
observed in the field (NBSS/NHB = 4) by Preston & Sneden
(2000). The value found in Pal14 is NBSS/NHB ∼ 1, in much
better agreement with the above field sample.
Under the hypothesis that all the BSS are originated by pri-

mordial binaries, this possibly suggests that the binary frac-
tion in Pal14 (and in the field) might be much higher than
in the other two GCs (in ωCen it amounts to fbin ∼ 13%;
Sollima et al. 2007a). A rough estimate of the binary fraction
in Palomar 14 can be derived from the correlation between
the measured binary fraction and the cluster integrated mag-
nitude found by Sollima et al. (2010) in a sample of 18 open
and low-density globular clusters. From their Figure 7, and
adopting MV = −4.95 (S11) we predict fbin ∼ 30 − 40% for
Palomar 14. In addition, the comparison between the number
of BSS per unit luminosity (from Ferraro et al. 1995) and the
fraction of binaries (Sollima et al. 2007b) measured in a sam-
ple of low-density GCs (in which the collisional channel of
BSS formation is expected to be negligible) shows that while
BSS-poor GCs (with 8 < S4BSS < 13) host a small fraction
of binaries (9 < fbin < 16%), the only cluster (Palomar 12)
with a value of S4BSS similar to Pal14 has a binary fraction
of ∼ 40%. Despite the uncertainty affecting these estimates,
such a result and, even more robustly, the existence of a non-
collisional BSS population, suggest that Pal14 might have a
non-negligible fraction (of the order of ∼ 30− 40%) of bina-
ries.
Deep and high-quality imaging of Pal14 main sequence are

Central BSSs in four outer-halo GCs 5

FIG. 4.— Population selection in the four clusters. The bona-fide BSSs,
located within the marked selection boxes, are shown as open circles. The
reference population of RGB stars is marked with asterisks.

TABLE 3
NUMBER OF BSSS AND RGB STARS SELECTED IN EACH CLUSTER.

Cluster NBSS NRGB

AM 1 31 352
Eridanus 19 187
Pal 3 15 191
Pal 4 16 354

fined in Section 2.1, while σV I is the combined photometric
uncertainty in the colour. The adopted selection boxes and
the resulting bona-fide BSS samples are shown in Figure 4.
According to Ferraro et al. (1993), in order to study the ra-

dial distribution of BSSs, it is necessary to define a reference
population which is expected to follow the cluster light distri-
bution. Since the number of horizontal branch stars in these
GCs is very low, we decided to adopt the RGB as the reference
population. We selected as giants all the stars in the range of
magnitude VTO > V > VTO − 2.5, lying at a distance smaller
than 3σ from the mean ridge line (see asterisks in Figure 4),
where σ is the uncertainty associated with the mean ridge line
(horizontal bars in Figure 1). This choice allows us to obtain
a populous sample of reference stars in the same range of V
magnitude, i.e., in the same condition of completeness as for
the BSSs. The total number of BSSs and RGB stars in each
cluster is listed in Table 3.

4.1. Cumulative radial distribution and population ratios
In Figure 5 we show the cumulative radial distribution of

BSSs (solid lines) and RGB stars (dashed lines) as a func-
tion of the projected distance from the cluster centre (r) nor-
malized to the core radius rc estimated in Section 3.1. A
Kolmogorov-Smirnov test has been performed to check the
probability that BSSs and RGB stars are extracted from the
same parent distribution. Based on the probability values (p)
obtained for each cluster and reported in Figure 5, we con-

FIG. 5.— Cumulative radial distributions of BBSs (solid lines) and RGB
stars (dashed lines) as a function of their projected distance from the cluster
centre normalised to the core radius (r/rc), for each of the four clusters. The
probability that the two populations are extracted from the same distribution
is quoted in each panel.

clude that BSS are more concentrated than the RGB in AM
1 and Eridanus, while the result is inconclusive for Pal 3 and
Pal 4.
As second step to investigate the radial distribution of BSSs

in the four clusters, we calculated the ratio between the num-
ber of BSS (NBSS) and that of RGB stars (NRGB), counted
in concentric annuli centred on the clusters’ Cgrav. The radial
distribution of NBSS/NRGB in the four clusters is shown in Fig-
ure 6. Consistently with what was found above, BSSs appear
to be systematically more centrally concentrated than RGB
stars. It is important to emphasise that, because of the insuf-
ficient quality of the wide-field data, we are forced to limit
our analysis to the region sampled by the HST observations,
which do not reach the tidal radius of the program clusters.
Thus, unfortunately we cannot characterise the full shape of
the BSS radial distribution, and we are not able to conclude
whether the distributions are bimodal or not. However this
analysis demonstrates that dynamical friction was already ef-
fective in centrally segregating BSSs in the program clusters.

4.2. The Minimum Spanning Tree
Given the relatively small number of BSSs, we applied

the method of the Minimum Spanning Tree (MST; see
Allison et al. 2009, and references therein) as an alternative
test to evaluate the degree of BSS segregation. The MST is
the unique set of straight lines (“edges") connecting a given
sample of points (“vertices"; in this case the star coordinates)
without closed loops, such that the sum of the edge lengths
is the minimum possible. Hence, the length of the MST
is a measure of the compactness of a given sample of ver-
tices. Cartwright & Whitworth (2004) showed that the de-
gree of mass segregation in a star cluster can be measured
by comparing the length of the MST of two populations with
different average masses (see also Schmeja & Klessen 2006).
Notice that the MST method is independent of the catalogue
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Figure 9. Mass function and power-law fit. The red dotted curve
shows the number of observed stars per mass interval, error-
bars represent the Poissonian errors on the star counts. The blue
dashed curve represents the counts corrected for the missing area
coverage, the black solid curve represents the counts additionally
corrected for photometric completeness. The cyan line gives the
best-fitting power law.

our photometric catalog into n radial bins around the cluster
center, chosen such that each bin contains one n-th of the
observed stars. This is optimal in terms of the Poissonian
errors on the star counts, both of the observed stars and of
the artificial stars, as the latter were distributed on the sky
similarly to the observed stars. The number of radial subdi-
visions has to be chosen large enough such that complete-
ness and stellar density are approximately constant within
each annulus, because otherwise correcting for completeness
would bias the results. In practice, we increased the number
of bins, n, until the derived mass function slope and cluster
mass (Section 4.5) did not vary any more with n. This was
the case for n> 33 and we chose n = 36 radial bins for the
final analysis. In each of these annuli, stars were counted in
12 linearly spaced mass bins (of width ⇠ 0.025 M�). The
counts were corrected for the missing area coverage and for
photometric completeness in that radial range. Counts from
the individual annuli were then summed and fit with a power
law of the form dN/dm / m

�↵. From this, we obtained a
mass function slope of ↵ = 1.4± 0.25 (Fig. 9). This present-
day mass function is significantly shallower than a Kroupa
(2001) IMF (with ↵ = 2.3 in this range of masses) and is
similar to the mass function in other Galactic GCs (e.g De
Marchi et al. 2007; Jordi et al. 2009; Paust et al. 2010).

4.4 Mass segregation

To test for mass segregation, we derived the mass function
as a function of radius. As the individual 36 radial annuli
contain only ⇠120 stars each, deriving the mass function in
each of them would produce very noisy results. It is thus nec-
essary to bin several of these annuli – after the completeness-
corrected counts have been obtained in each annulus indi-
vidually. As a compromise between signal to noise and radial
resolution, we show two di↵erent binning schemes: The top
panel of Fig. 10 shows the best-fitting mass function slopes
derived in radial bins containing each one twelfth of the ob-
served stars. The bottom panel of the same figure shows
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Figure 10. Top: The best-fitting mass function slope ↵ in ra-
dial bins containing each one twelfth of the observed stars. Bot-
tom: The mass function in radial bins containing one fourth of
the observed stars each. Dotted red curves represent the num-
ber of observed stars per mass interval, errorbars represent the
Poissonian errors on the star counts. Blue dashed curves are the
counts corrected for the missing area coverage in the given radial
range. Black solid curves are additionally corrected for photomet-
ric completeness. Cyan lines represent the best-fitting power law
functions to the completeness-corrected counts. The radial ranges
and best-fitting power-law slopes are reported at the bottom of
each panel.

the mass functions and power-law fits obtained in bins con-
taining each one fourth of the observed stars. It is obvious
that the mass function steepens with increasing radius, from
↵ . 1 inside r . 1.3 ⇥ r

h

to ↵ &2.3 at the largest observed
radii.
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Figure 4. The mass function in radial bins containing one fourth
of the observed stars each; the radial ranges are reported at the
top of each panel. Red dotted lines correspond to the raw star
counts, blue dashed lines to the star counts after correction for
geometric coverage and black lines to the star counts additionally
corrected for photometric incompleteness. The best-fitting power-
law mass function, obtained with the maximum-likelihood scheme
described in the text is shown as cyan line. The best-fitting mass
function slope ↵ and its 1� uncertainty is reported at the bot-
tom of each panel. In all radial ranges, the mass function is well
reproduced by a power-law and that its slope is significantly shal-
lower than a Kroupa (2001) mass function in this range of masses
(↵ = 2.3).

we present two realizations of the binning. Fig. 4 shows the
mass distributions of observed stars (red dotted lines), the
distributions corrected for missing area (blue dashed lines)
and the distributions additionally corrected for photometric
completeness (black solid lines), as well as the best-fitting
power-law mass function, in radial ranges containing each
one fourth of the observed stars (i.e. combining blocks of
9 of the 36 original radial bins). It can be seen that the
mass function in each radial interval is well-reproduced by
a single power-law with a slope shallower than a Kroupa
(2001) mass function. Moreover, the slope ↵ in the outer-
most radial range (1 < r 6 1.9 arcmin, corresponding to
20.7<r6 39.2 pc) is significantly steeper than in the inner
two bins. This trend of increasing ↵ with increasing radius is
more clearly seen in Fig. 5, which shows the best-fitting mass
function slope ↵ as a function of radius for radial ranges
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Figure 5. The best-fitting mass function slope and its uncertain-
ties in nine radial bins containing equal numbers (⇠ 260) of ob-
served stars. The radii of the data points correspond to the mean
radius in the corresponding radial bin. The cluster’s core radius
r
c

= 0.6 arcmin, or 12.4 pc (Sollima et al. 2011) is indicated by the
dotted line. A trend of increasing ↵ with increasing radius is ob-
vious, although the slope stays below the Kroupa (2001) value of
↵ = 2.3 in this range of masses (shown as dashed horizontal line)
out to the maximum radius covered by the WFPC2 photometry.

containing each one ninth of the observed stars (i.e. com-
bining blocks of 4 of the 36 original radial bins). In even
finer-grained radial binnings, the scatter and uncertainties
of individual data points increase, but the trend remains
present. To assess the significance of the trend, we fitted a
linear relation to the data in Fig. 5. This yields a best-fitting
relation of ↵(r) = (0.2±0.3)+r⇥(0.9±0.4) arcmin�1. A flat
relation is excluded at ⇠98 per cent confidence, again based
on the likelihood ratio. This steepening of the mass func-
tion with increasing radius suggests that mass segregation
is present in Pal 14. Moreover, Fig. 5 shows that the mass
function at the outermost radii covered by our photometry
is almost compatible with a Kroupa IMF (↵ = 2.3 in this
mass range); since it is likely that the relative abundance of
low-mass stars increases further with increasing radius, this
suggests that there is no need to invoke a deviation from a
universal IMF in this cluster (cf. Zonoozi et al. 2011).

3.2 Overall mass function and dependence on the
adopted isochrone

The overall mass function slope of stars within 1.9 arcmin
(i.e. subsuming the star counts from all radial bins) is
↵ = 1.1 ± 0.2. This is somewhat shallower than the value of
↵ = 1.3 ± 0.4 derived by Jordi et al. (2009) from the same
data. Although consistent within the uncertainties, the dif-
ference is, at first glance, surprising, as we also adopted the
best-fitting isochrone from Jordi et al. (2009) in our analysis.
The di↵erence can be traced back to a di↵erence in the com-
pleteness correction: we calculated the completeness based
solely on artificial stars inside the color selection used for
the observed stars. If we instead calculated the complete-
ness from the entire artificial star catalog, we would obtain
a larger completeness correction in the lowest mass bins,
similar to the values given in table 3 of Jordi et al. (2009).
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