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Gravitational shear pattern

f sky

on piece o

shapes of galaxy images

are correlated with shear



e change of isophotes under (reduced) shear

1 O

(x —x0)" (x — X() = const

>

X2
14+ g1 g2
X — X X—X —Const
( 0) ( 92 1—92 0)

define reduced shear of image by g= g+ +i go



e cstimator of reduced shear

image surface-brightness I (x)

2
centroid position < _ J ToxI(x)
0

— [ &2z I1(x)
€| = a—b
a—+0b

B de.’L' (.CCZ — X(),Z')(ZC]' — X(),j) I(X)
quadrupole moment Qi; = Tdx I(x)

Q11 — Q22 + 21Q12
Q11 + Qa2 + 2(Q11Q22 — QF5)1/?

€= €1 t1€y =

“third tlattening”



e cstimator of reduced shear

intrinsic ellipticity  €s
& Tg
14 g*e,

sheared ellipticity €

Intrinsic galaxy Gravitaional lensing
(shape unknown) causes a shear (g)

average for any isotropic distribution of intrinsic ellipticities:
(€) =g

Seitz & Schneider (1997)
el ~ 0.4

typically
g| ~ 0.01



e general adaptive moments (GLAM)

Problem: /d% I(x) generally diverges.

One solution: introduce weights w(x) > 0

(w(x), (z; — x0,:)(T; — To,5) (X))
(w(x), I(x))

Qij =



e general adaptive moments (GLAM)

GLAM use adaptive weights by least-square fitting an elliptical
template to the image, i.e., by minimising

E(p|D) = (1(x) = Af(p), I(x) = Af(p))

template
w.r.t. to p = (xo,¢,t, A), where iso-contour is

_4 T 1"‘61 €9 2
pm ) (12 ) xox

and at the minimum (if it exists — assumed here)

/ Q. :<f/(/0)a($7: —mo,z‘)(l‘j —fo,j)](X»
_ {(fl(p),x1(x)) g (F'(p), I(x))

W {0 I60) (1o e Y

€2 1—61

Simon & Schneider (2017); Hirata & Seljak (2003)



% GLAM £ (and centroid) of best-fit template
s that of the adaptively weighted image;
1df(r?)

% the radial weight profile is w(r) oc -
r dr

* GLAM ¢ is independent of w(r) for elliptical
galaxy images (is third flattening of iso-contours);

% for any weight w(r) and any /(x), the GLAM ¢ is an unbiased
estimator of reduced shear;

% unweighted moments are special case of GLAM, f(p) = p

— w(r) = const

% adaptive, moment-based ellipticities are not fundamentally
different to model-based ellipticities;



e Bummer: we need the pre-seeing GLAM ellipticity.

pre-seeing post-seeing
Galaxies: Intrinsic galaxyshapes to measured image:

LSS
Uiaa R A
i A |} a .
N - .
4 -
-’ -

Intrinsic galaxy Gravitaional lensing Atmosphere and telescope Detectors measure Image also
(shape unknown) causes a shear (g) cause a convolution a pixelated image contains noise

+ ol

inear mapping L
Ipost = L Ipre (X)



e ignore pixel noise; optimal guess for pre-seeing ellipticity?

step 1: assume L is regular (no information loss)

pre-seeing profiles are very finely pixelated; cost function is
E(P|Ipre) — (L_llpost o Afp)T (L_leost - Afp)

then obtain pre-seeing ellipticity form post-seeing image:

_ T _
E(p|Ipe) = (L 1Ip08t - Afp) (L 1Ip08t — Afp)
— (Ipost _ Apr)T (LLT)_l (Ipost _ Apr)

Theretore, we fit in post-seeing frame template Lf,
with metric U := (LL*)™! (no bias!).



e conceptional GLAM procedure (noiseless images)

®

high-res template

————

pre-seeing frame

f, - Lft,

pixelated template with PSF

———

post-seeing frame

fit template to iImages
with metric

Ubest — (LLT ) T



® ignore pixel noise; optimal guess for pre-seeing ellipticity?

step 2: assume L is singular (information loss: mainly pixelation)

Ansatz for cost function;
E(P‘Ipost) — (Ipost — AL fp)T U (Ipost — AL fp)

Unbiased if pre-seeing image lpre Is prefectly fit by fo; but biased if
best-fit in pre-seeing frame has residuals Rpre, Nnamely

512) — (GULG)_l GTUL Rpre + O(R2 )

pre
GLAM exhibit “underfitting bias” if o _ OLAf)
: : : o apz Ptru
() lpreis unmatchable with template; U, = LTUL

(i) andif L is singular;
(iif) and if LRpre<>0; Upest = (LL)™T




e Conclusions for images without pixel noise

% adaptive-moment ellipticities are parameters of best-fits
with elliptical templates; adaptive weight is derivative of
template;

% no information loss in luest; estimator of GLAM ellipticity is
unbiased; then also unbiased estimator of g;

% information loss in Ipest: bias depends on residuals between
best-tit template and image in pre-seeing frame
(necessary for bias is LRpre <>0 and a singular L);

% bias is reduced by template profile that closely resembles
that of pre-seeing image;

% there is bias for pixelated and non-elliptical images;



L] L] | -V"— — — — — — -

There shall be noise!
(part 1)

(5T) = 0
(I1: V=0

post

L T
I =T, + 0l N = (oIoL")



e ||[lustration of noise bias

bias of estimator varies with S/N; not present without noise

11—

ML estimator ——— Z‘ >
debiased ML

1.05 full posterior —+—

R R T T N T T T T T T T T T R T R T T R R R R T AT N
b N S am M M B pa pa M MRS N mn e mes s o oo o S s s

0.95 ¢

xest/x

09 r

0.85

0.8 r

0.75

Toy model

0.7

051152253354 45 6 8 10 12 14 16 18 20
signal-to-noise

signal-to-noise

X: “ellipticity”; y:

“imageﬂ

1 -1ppt

1 -2ppt

1 -3ppt

What is x 7
y=z>4+n;n~ N0, o)

Maximum likelihood
1/3

Lml = Y N

= > u*/N

1=1

(Tra1)

Bayesian posterior

p(zly) o< L(y|x) p(x)

Combine information'

OCHE yi|x) p(x)

ﬂf\yl Yz, ...



e Bayesian GLAM: do not use point estimates of ellipticity;
keep full statistical information;

Likelihood function of GLAM ellipticity (Gaussian noise)?

Inferring adaptive moments by forward-fitting templates....

T
210 L(I|p, Rype) + const = (I — ALf, - L Rpre) N~ (I ~ ALf, - L Rpre)
= ||I - ALf, — LRp:)llx

We do not know the pre-seeing residuals.

Option 1: hope that they are not relevant, and use a misspecified
likelihood

—2In L(I|p) 4 const = ||[I — AL prIZ\I

Option 2: quantity your ignorance by a prior density for residuals,

£(1|p) = / AR.e p(Roelp) £(I[p, R )



e posterior density of GLAM ellipticity
prior

p(elT) / dA dt dxo pA. 7. %0, ) L(Tp)

nuisance parameters

Adopting relaxed, uniform prior. Prior details should not matter?

Monte-Carlo e 27000
sampling 70 BACT,




e Experiment 1: 1.1.d. exposures of same pre-seeing galaxy lpost

Combine likelihoods of all exposures for posterior

p(pI1,Is,...) Hﬁ(Iilp)p(p)

Investigate consistency by considering n->infinity,

Xz noise-free

—2Inp(p|I1,1s,...) >~ const + n||Iyost — AL pr12\I

Asymptotic posterior puts all probability mass at
minimum of

(Tpost — ALF) "N (I,0st — ALf,) = min

1. Same as noise-free problem with metricU = N~}

2. There is no noise bias: no effect for N=! — AN1
3. Magnitude of bias depends on LRpe and L*N~'L




e Experiment 2: sample of different pre-seeing galaxies, same €

Same ellipticity but different q; = (A4;, t;, X0.:)

Combine marginal posteriors of same ellipticity:

p(elI, I, .. .) Hp(6|Iz-)

/d(hd(h HL (Lile, q;) p(q;) ( )

margmahze =1 prior

= Hp |Ipost 1
K noise-free

Now asymptotic consistency explicitly depends on prior
density of nuisance parameters.

Prior does not become irrelevant here because complexity
of model increases with every new image |i in the sample.




e Bayesian (nuisance) priors can be incorrect (prior bias).

Correctly specified likelihood but incorrect prior:

blas

o€

1072 3

107 3

A\

g

rh=0.15”
rh=0.2”
rh=0.3”

AT
-

Y

10.0 20.0 40.0

Vv

200

pixel 0.1”

PSF 0.1

1. Prior bias introduces noise bias into Bayesian picture after all.
2. Becomes irrelevant if likelihood for individual images dominates.
3. Vanishes if prior equals actual distrb. of nuisance parameters.



INntermission



e Experiment 3: sample of different pre-seeing galaxies, same shear

Similar to Experiment 2 but now with shear posteriors:
prior for

A/’i/ntrinsic shapes

ps(€s(g.€)) plelT)
p(9/T) = pe(9)(1 - \9\2)2/0126 /\(/(6)1 >€g*4

prior g

where

N(e) := /dzg Pg(g) Ps (Es(g, e))(l — 1g]?)?

11 —eg*|*

€—Jg
; ES(g7€) = 1 L Eg*

Combine and marginalize to constrain reduced shear:

n n

p(g|Iy,Iz,...) Hp(g|17;) ~ Hp(g\lpost,i)




e Results for numerical analysis

g — (1+m)9true‘|'c

I‘h = 0.30” .
I’h - 0.20” .
rh = 01 5” A

oixel 0.1

PSF 0.1”

multiplicative bias m / %

underfitting

20 |

200 40 20

. . . noise-dependent
signal-to-noise ratio v

prior bias
open symbols: uniform prior for intrinsic shapes

filled symbols: correct prior for intrinsic shapes



e Conclusions for images with pixel noise

% can construct a marginal posterior of GLAM ellipticity;

% likelihood is misspecified for LRpre<>0; could be fixed with
prior density for Rpre (dedicated survey);

% misspecified likelihood produces underfitting bias;
depends on L, heterogeneity and correlation of noise but not
overall S/N;

% intrinsically different images lyre can introduce noise-
dependent prior bias if prior density of g=(A,{ Xp) is Not
distribution of q in sample;

% prior bias prominent when posterior of ellipticity is
dominated by prior in individual image;



e pbackup slide: non-adaptive weighted moments

Assume fixed weight w(x) and minimise w.rt. to p = (x0,€,t, A)

E(p|l) = (w(x) [I(x) — Ap|,I(x) — Ap)

to find at the minimum the relations

(w(x), (i — x0,i)(7; — T0,5) [(X))
(w(x), 1(x))
1+ €1 €9 :
[ Pz w(x)xI(x) OC( €2 l—a >
[ d2z w(x) I(x)

Qij =

X0

Non-adaptive weighted moments are parameters of best-fit
template with a metric w(x) and f(p) = p.



