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Lecture 8:

Polarization Anisotropies:

B-modes and the 
primordial gravitational waves
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Recap: E- and B-modes of polarization

The  rotational  transformation  of  Stokes  Q  and  U  parameters  lead  us  to  define  two 
coordinate-free  variables,  E  and  B,  using  the  properties  of  spin-weighted  spherical 
harmonics. 

CMB  has  weak  linear  polarization 
(Thomson  scattering  does  not  create 
circular  polarization).  Polarization 
anisotropies  are  described  by  a  vector 
field, whereas temperature anisotropies 
are represented by a scalar field.
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• We break down the polarization 
field into two components which 
we call E and B modes. This is the 
spin-2 analog of the gradient/curl 
decomposition of a vector field.

• E modes are generated by density 
(scalar) perturbations via Thomson 
scattering.

• Additional vector modes are created 
by vortical motion of the matter at 
recombination - this is small

• B modes are generated by gravity 
waves (tensor perturbations) at last 
scattering, or by gravitational 
lensing (which transforms E modes 
into B modes along the line of sight 
to us) later on. 
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Recap: E and B mode characteristics
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E-mode

B-mode

Two flavours of CMB polarization:

E mode → even parity → scalar perturbations
B mode → odd parity → tensor perturbations
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Two things:

“Normal” CDM:  Density perturbations at z≈1100 lead to 
velocities that create local quadrupoles seen by 
scattering electrons.

 
=>  E-mode polarization  (“parity-even”)

Gravity waves:  create local quadrupoles seen by the 
scattering electrons.

 
=> B-mode polarization (“parity-odd”)
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What causes the CMB quadrupole?
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The problem of understanding the polarization pattern of the CMB
thus reduces to understanding the quadrupole temperature 

fluctuations at the moment of last scattering.
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From gravity waves to B-mode polarization
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A plane gravitational wave causes a “quadrupolar stretching” of the space (tensor 
mode perturbations, as opposed to scalar modes from density).
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From gravity waves to B-mode polarization
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A plane gravitational wave causes a “quadrupolar stretching” of the space (tensor 
mode perturbations, as opposed to scalar modes from density).


This changes a circle of test particles into an ellipse, and the radiation

acquires a m=2 quadrupole pattern → primordial B-mode signal

Gravitational waves detected by LIGO ➞ 
wavelength thousands of kilometers 

Primordial gravitational waves produced by 
inflation ➞ wavelength billions of light-years!
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From GW to CMB polarization
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Slide courtesy: E. Komatsu



An Introduction to the CMB 08: Polarization anisotropies (part 2)

From GW to CMB polarization
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Slide courtesy: E. Komatsu

(Dij and hij are the same thing, just different notations!)



An Introduction to the CMB 08: Polarization anisotropies (part 2)

From GW to CMB polarization
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Slide courtesy: E. Komatsu
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From GW to CMB polarization
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Slide courtesy: E. Komatsu
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From GW to CMB polarization
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Slide courtesy: E. Komatsu
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From GW to CMB polarization
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The change in photon energy (or its wavelength) is proportional to the time derivative of 
the metric perturbation, i.e., the difference in the metric perturbation at different epochs. 

As a result of inflation, the gravitational waves are very large (many times the horizon 
scale), hence the difference of metric perturbations between two different cosmic times is 
also large, resulting in the quadrupole temperature anisotropy from gravitational waves.

Spatial curvature metric
Gravitational potential
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Why inflation would produce GW?
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(From Kamionkowski & Kovetz, ARAA 2016)
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Gravity waves also create E-modes
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We should note that the tensor perturbations, caused by gravitational waves, also 
generate E-mode polarization (as well as temperature anisotropies). In fact, E- and B-

modes are created almost equally (see figure above). However, the E-modes created by 
density (scalar) perturbations at the last scattering are much stronger, so one can 

neglect the tensor-origin of E-modes.
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Recap on inflation and the meaning 
of the tensor-to-scalar ratio, r
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Tensor-to-scalar ratio
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1. Scalar power spectrum

The scaler perturbations are Gaussian, so all information about them is contained in the two-point 
correlation function:

The mean square value of the initial perturbation amplitude is

Where                                is also called the power spectrum, and is approximated as follows:

In 1960’s, Zel’dovich and Harrison independently predicted the flat spectrum of perturbations (ns=1). 
But we now know that the spectrum is slightly red. The WMAP5 values for a fixed k∗ = 500 Mpc-1 are:
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Tensor-to-scalar ratio
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2. Tensor power spectrum & power ratio, r

Actually, the derivation of approximately flat power spectrum does not depend on whether we deal 
with scalar or tensor fields. Inflation also generates tensor perturbations (transverse traceless 
perturbations of spatial metric hij, i.e. gravitational waves). 

We have the same picture for tensor perturbations: primordial perturbations are Gaussian random 
field with almost flat power spectrum. In this case we have

It is convenient to introduce the parameter                      which measures the ratio of tensor to 
scalar perturbations.

For some early inflation theories with power-law potentials, prediction was  r ~ 0.1 − 0.3
➜ these are now practically ruled out by Planck data 
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Tensor-to-scalar ratio
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3. Inflation and the spectral index, ns
Inflation occurs if the universe is filled with a scalar field φ, which has non-vanishing scalar 
potential V(φ). The homogeneous field φ then satisfies the equation

For a relatively flat potential (dV/dφ small), the acceleration term can be neglected. The Friedmann 
equation in this case is H2 = 8π/3G V(φ). So if φ varies slowly, then V(φ) and thus H also varies 
slowly, and the parameters of inflation are almost time independent (slow-roll inflation).

Yet, the parameters are not exactly time-independent (inflation has to end!), so the predicted value 
of the spectral tilt (ns - 1) is small but non-zero. It can be positive or negative, depending on the 
scalar potential V(φ). In particular, it is negative for the simplest power-law potentials like

For the case of slow-roll inflation,
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Tensor-to-scalar ratio
4. Possible shapes of inflation potential

The number of e-folding during inflation is determined by the 
slope of the potential, characterized by the parameter               .
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Tensor-to-scalar ratio
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5. Predictions for single-field, slow-roll inflation
Slow-Roll inflation requires the acceleration term for the potential is zero, and the shape 
of the potential is parametrized by the “slow-roll parameters”

For scalar perturbations:

For tensor perturbations:

The tensor amplitude is therefore a direct measure of the expansion rate H during 
inflation. Knowing this, one can completely determine the energetics of inflation!

For all physical, slow-roll inflation models, 𝝐, 𝜂 << 1
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But we want a direct 
confirmation of inflation and 

probe its energy scale: 
Gravitational waves!

Planck/BICEP2 joint results (2015)
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Measurements of E, B power from ground
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BICEP2 result in 2014
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BICEP2 observation of the CMB 
polarization
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BICEP2 E- and B-mode CMB maps
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BICEP2 scaler-to-tensor ratio
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Comparison with
Planck 2013 result
→ a clear tension!
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Then... proved wrong by Planck!
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Planck Intermediate Results XXX 
(2016)

Dust polarization at high galactic 
latitudes

BICEP-2 severely 
underestimated the 

dust polarization power 
at low multipoles
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Planck’s view of the BICEP2 field
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colors ➝ dust intensity 

“engravings” ➝ magnetic field

Credit: ESA/Planck collaboration
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Planck results on the B-mode

30

Dust polarization map
(Planck collaboration 2015)

Lensing B-mode
(Planck collaboration 2015)
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Planck 2015 + BICEP
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Lensed ΛCDM

After dust correction

BICEP2 + Planck joint analysis (2015) 95% upper limit: r < 0.08
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Latest constraints (late 2021)
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Improved 
constraints, but 

still non-detection

(r < 0.036 at 95% 

confidence)
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LiteBIRD: Launch 2027
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Slide courtesy: E. Komatsu
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SO will start observing very soon..
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CMB-S4 endorsed by Astro2020
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Questions?
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Feel free to email me or ask questions  
in our eCampus Forum


