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Gravity and thermodynamics:
a new point of view in the analysis of

dynamical evolution of globular clusters



FromFrom observationsobservations ofof glubularglubular cluster (GC) density cluster (GC) density profilesprofiles wewe can deduce:can deduce:

• an empirical density law for GCs (King, 1962);

• a unique sequence of models for GC evolution (King, 1966);

• that thermodynamics plays a central role in the gravitational equilibrium and stability of the clusters,         
being binary relaxation time shorter than the age of such systems

• that the evolution of GCs can be described as a sequence of thermodynamic equilibria where only
parameters characterizing the distribution function change, like in a continuous thermodynamic
transformation (Horwitz & Katz, 1977).

From the necessity to develop a theoretical framework taking intFrom the necessity to develop a theoretical framework taking into account thermodynamic        o account thermodynamic        
equilibriumequilibrium duriduring the ng the evolution of GCs we need to evolution of GCs we need to developedevelope::

• a new concept of thermodynamic equilibrium based on Fokker-Planck approximation for collisions
among stars, where the velocity distribution function does not change during the evolution.

ThermodynamicThermodynamic equilibriumequilibrium isis due due toto twotwo competitive competitive phenomenaphenomena::

• collisions which drive the distribution towards a Boltzmann form;             

• evaporation by tidal interactions induced by hosting galaxy, removing continuously the stars with large
kinetic energy from the cluster.

→→ The The distributiondistribution maintainsmaintains itsits formform and and maymay bebe consideredconsidered in in thermodynamicthermodynamic equilibriumequilibrium:           :           

WE CAN APPLY MECHANICAL STATISTICS ON WE CAN APPLY MECHANICAL STATISTICS ON GCsGCs

Preliminary considerations
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A forty-years open question
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Data analysis (Katz)

Stability range for classical
single-mass King models
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K values of 51 GCs from Peterson data (1976) 
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Kcr and Krms do not coincide. They should?

What happens if considering W0? 

King Model

inverse 
temperature:

’ =m/kT

critical point:

W0=7.4

energy:

E=-K

Single mass equilibrium configurations

02  grK EE

Virial TheoremGaussian assumption (Katz, 1980)
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Considering the evolution of GCs W0-distribution
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Effects due to gravothermal catastrophe

begin to modify the shape of the distribution
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The maximum coincides with the critical point

The distribution has become asymmetric
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Consequences on the GCs distribution
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We expect maximum of the distribution MUST coincide with critical point

MOREOVER

We expect GCs distribution MUST be asymmetric

Katz “Gaussian assumption” failed

Introducing “Pearson mode skewness”
deviation standard

modemean 
P

We expect a negative skew

Using Peterson K-data (51 clusters):

8648.0P
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Excluding:

- 21 PCC clusters

- 8 suspected PCC clusters

- 1 cluster without useful parameters (Pyxis)

→ We have available a sample of 127 clusters

New helpful observations (upgrading Peterson data)

Harris Catalogue of MW GCs: 157 objects

(W.E. Harris, 1996 - Latest Edition: 2010)

W0-distribution of MW GCs

The effects of gravothermal catastrophe are clearly visible: 

we have an asymmetric distribution of W0 values

5097.0P

skewness using Harris Catalogue



The choice of the distribution function
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“Pearson mode skewness” definitions

forfor a data samplea data sample forfor a a distributiondistribution functionfunction
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XX++ isis the the mostmost frequentfrequent valuevalue (mode)(mode) XXmm isis the the maximummaximum ofof the the distributiondistribution
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Asymmetric Gaussian skewness
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Definitions

Skewness

2
3

)1(
1

1

2

1









B
B

B

B
P




222
3

2 )1(
2

1

1
;)1(

2
LLLm B

B

B
Bx 





 






2

22 d)(d)(;d)(

1for1d)(:ionnormalizat

































xxfxxxfxxxfx

Axxf



αP

B5071.0

5097.0





B

P 

αP vs B



Fitting data from W0-distribution
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Best binning

Best fit

- sample dimension: N=127 clusters

- range of W0 values: 1.97÷13.22

NnN bin 2

9.06.0  bind

binbin nranged /

we perform fit on histograms
with different value of dbin

55.045.0  B
we perform fit, fixing B in a range

compatible with skewness of data 

distribution (αP ~ 0.5071)

OurOurOur

choicechoicechoice

OurOurOur

choicechoicechoice



Searching for maximum likelihood binning
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Searching for maximum of W0-distribution 
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DoesDoes WW00=7.4=7.4

actuallyactually representrepresent

the the onsetonset ofof

gravothermalgravothermal

catastrophecatastrophe??

The The answeranswer isis

clearlyclearly NO.NO.

The The maximummaximum

ofof WW00--distributiondistribution

isis far far awayaway fromfrom

coincidingcoinciding withwith

criticalcritical valuevalue !!



In any case maximum cannot be in correspondence of W0=7.4

Best fit of MW GCs distribution
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A new strategy?

ObservationalObservational data data saysay usus therethere isis a a problemproblem withwith the the onsetonset ofof

gravothermalgravothermal instabilityinstability, in , in orderorder toto obtainobtain the the coincidencecoincidence
betweenbetween maximummaximum ofof WW00--distribution and distribution and criticalcritical valuevalue..

The gap The gap betweenbetween the the currentcurrent stabilitystability limitlimit WW00 = 7.4 and the = 7.4 and the 
peakpeak valuevalue ofof the the distributiondistribution at Wat W00 = 6.93 = 6.93 isis significantlysignificantly largelarge, , 
and and onlyonly a a WW00--distributiondistribution withwith a a skewnessskewness completelycompletely differentdifferent
fromfrom observationalobservational data (Bdata (B««1) 1) couldcould justifyjustify suchsuch a a stabilitystability limitlimit..

THEN

WeWe mustmust reconsiderreconsider the the calculationcalculation ofof the the FokkerFokker--PlanckPlanck
solutionsolution focusingfocusing ourour attentionattention on the on the definitiondefinition ofof the the 

distributiondistribution functionfunction and and takingtaking intointo account account thatthat wewe needneed a a 
thermodynamicthermodynamic equilibriumequilibrium distributiondistribution whichwhich maximizesmaximizes the the 

entropyentropy. The . The mandatorymandatory choicechoice isis consideringconsidering a a BoltzmannBoltzmann formform
ofof the the distributiondistribution and and solvingsolving withwith respectrespect toto the the HamiltonianHamiltonian..
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Restarting from basic principles

We are aware of the steps forward in the understandingWe are aware of the steps forward in the understanding

the dynamics (and not only) of globular clustersthe dynamics (and not only) of globular clusters

BUTBUT

forgetforget forfor a moment a moment modelsmodels takingtaking intointo account multiple account multiple effectseffects

In In thisthis theoreticaltheoretical analysisanalysis wewe do do notnot considerconsider ((butbut in future in future wewe can)can)

- multi-mass models and their effect in the dynamical evolution of GCs;

- binary stars formation, possible presence of BH, BSS and so on;

- effects of stellar evolution in dynamics of GCs;

- effects of possible anisotropy or rotation in a GC.

 only a singlesingle--mass mass modelmodel with the velocity distribution function
arising from Fokker-Planck equation, in order to avoid to walk too often
the road of phenomenology! THIS IS A NEW STARTING POINTTHIS IS A NEW STARTING POINT

““Even the most beautiful penthouse is in danger of collapseEven the most beautiful penthouse is in danger of collapse

if the building does not rest on a solid foundationif the building does not rest on a solid foundation””
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Fokker-Planck equation

SpitzerSpitzerSpitzer---HarmHarmHarm formformform ofofof the the the FokkerFokkerFokker---PlanckPlanckPlanck equationequationequation (1958)(1958)(1958)

DistributionDistributionDistribution functionfunctionfunction fff

where

)(),( / xgextf Rtt
tR is the reference (relaxation) time

kHAexg /)(  )()()( 10 xHxHxHH ;
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Solution of the Fokker-Planck equation
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InsertingInserting g(x) in g(x) in equationequation and and matchingmatching termsterms withwith samesame powerpower ofof λλ
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““Blessed are those who have not seen and have believed!Blessed are those who have not seen and have believed!”” (John 20, 29)(John 20, 29)
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ComparingComparing the the HH--distributiondistribution functionfunction containingcontaining

the the effectiveeffective potentialpotential ψψ withwith oldold King King formform

H-distribution function vs King one
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thermodynamicthermodynamic quantitiesquantities
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The The exponentialexponential formform ofof ff allowsallows

toto properlyproperly definedefine entropyentropy
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ψ
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WeWeWe expectexpectexpect tototo findfindfind thisthisthis formformform ofofof potentialpotentialpotential ininin

additionadditionaddition tototo the the the gravitationalgravitationalgravitational contributioncontributioncontribution in in in GCsGCsGCs



A new formulation
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OldOld formulationformulation leadsleads toto miss miss anan importantimportant termterm ((effectiveeffective potentialpotential) ) 
in the in the expressionexpression ofof total total energyenergy whichwhich isis notnot affectingaffecting kinematicskinematics ofof
the the starsstars butbut isis crucialcrucial in the in the analysisanalysis ofof gravothermalgravothermal instabilitiesinstabilities, , 
beingbeing responsibleresponsible ofof shrinkingshrinking ofof volume volume ofof the the availableavailable phasephase
spacespace..

SinceSince 50 50 yearsyears, , thisthis oldold formulationformulation hashas addressedaddressed allall the the worksworks on on 
dynamicsdynamics ofof globularglobular clustersclusters toto a a phenomenologicphenomenologic analysisanalysis notnot
rigorouslyrigorously collisionalcollisional, , asas wewe couldcould expectexpect, in , in orderorder toto explainexplain multiple multiple 
effectseffects affectingaffecting GCsGCs..

The The correctcorrect way way isis insertinginserting the the variablesvariables in in FokkerFokker--PlanckPlanck equationequation
and solve and solve itit, , eveneven numericallynumerically ifif necessarynecessary, in , in orderorder toto obtainobtain the the 
correctcorrect distributiondistribution takingtaking intointo account account thesethese effectseffects..
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Star orbits (not affected)

Ω=H/mσ2  (total energy)

-constant of motion-

Δ=ψ/σ2 (effective potential)

-constant of motion-

Σ=(ɛ+mΦ)/mσ2 (kin+grav energy)

-constant of motion-

Lagrangian formalism

 checkedchecked

Hamiltonian formalism

 checkedchecked
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Ω1

Ω2

Ω3

Ω1>Ω2>Ω3

Δ1>Δ2>Δ3
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 NdVdSddNm 

NVSU  

 dNmdNdVdSdU 

First First LawLaw

EuleroEulero’’s relationss relations

GibbsGibbs--DuhenDuhen relationsrelations

Thermodynamics: a dual theory

NPVSTUkin  0

 000 )(  NdVdPSdTddN

)( 000   ddNdNdVPdSTdUkin
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Pressure and temperature

kinetickinetic pressurepressure

thermodynamicthermodynamic pressurepressure

kinetickinetic temperaturetemperature

thermodynamicthermodynamic temperaturetemperature
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Relation Relation betweenbetween kinetickinetic temperaturetemperature
and and meanmean velocityvelocity ofof starsstars

kinetickinetic equationequation of state :  of state :  PV=NkTPV=NkT

thermodynamicthermodynamic equationequation of state : of state : ΠΠV=NkV=Nkθθ
3kT=m<v3kT=m<v22>>
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0,;0  constVNdS
tot

Thermal equilibrium

Mechanical equilibrium

Chemical equilibrium

Thermodynamic Equilibria

0][,;0   m
V

N
constSNdStot

0,;0  constVSdS
tot

constant T-temperature

(K-temperature is not constant all over the equilibrium configuration)

0 Phydrostatic equilibrium

0
0

  mconstant T-chemical potential
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Specific heat profiles

behaviourbehaviour of the of the specificspecific heatheat CCvv // NkNk in in functionfunction of the of the radialradial coordinate coordinate rr
forfor differentdifferent valuesvalues of of WW0 0 ((regionsregions withwith negative negative CCvv forfor WW0 0 >1.35>1.35))
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the the gravitationalgravitational energyenergy

contributioncontribution mmΦΦ

Bad Honnef Physics Center, Dec 7, 2016



EnergyEnergy

KineticKinetic + + GravitationalGravitational + + EffectiveEffective

Virial theorem & Effective potential

effgrKtot EEEE

dHfAU
c



  shell) single ain density (energy 

0





02  grK EE

Virial Theorem

effKtot EEE 
Total energy

ThisThis additionaladditional termterm impliesimplies a a differentdifferent caloriccaloric curvecurve
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Caloric curve
gravothermal catastrophe onsets earlier

Etot becomes negative
Cv<0 shell prevails on the system

Thermodynamical instability
(gravothermal catastrophe)

maximum mass in M-W0 diagram
(Merafina & Ruffini, 1989)

GCs start to develope Cv<0 shell

V0=constant of normalization;  2=kθ/m

For W0<3, Etot>0 and the cluster is fated to disruption,
in agreement with N-body simulations

(Chernoff & Weinberg, 1990, Fukushige & Heggie, 1995)

WW00
crit crit ~~ WW00

max max (MW (MW GCsGCs distributiondistribution))
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the the discrepancydiscrepancy isis solvedsolved
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Modelling a King globular cluster              
by N-body simulations

ModelModel 11

numbernumber ofof starsstars: N = 32768: N = 32768

star mass: m = 1 Mstar mass: m = 1 M⊙⊙
cluster mass: M = 3.28 x 10cluster mass: M = 3.28 x 1044 MM⊙⊙
core radius: core radius: rrcc = 10 pc= 10 pc

WW00=5=5

ModelModel 22

numbernumber ofof starsstars: N = 262144: N = 262144

star mass: m = 1 Mstar mass: m = 1 M⊙⊙
cluster mass: M = 2.62 x 10cluster mass: M = 2.62 x 1055 MM⊙⊙
core radius: core radius: rrcc = 10 pc= 10 pc

WW00=5=5
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WW0 0 =5=5..033 ;  r033 ;  rcc=1.95 =1.95 pcpc ;;

N=32768 ;  N=32768 ;  m = 1 Mm = 1 M⊙⊙ ..

In In eacheach figure, the figure, the continuouscontinuous
curve curve correspondscorresponds toto the the 

expectedexpected behaviorbehavior
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Energy distribution in a single shell:       
the example of a cluster with rc = 2 pc

King
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Searching for the effective potential in     
N-body simulations (models 1 and 2)

 

potential effective essdimensionl  theis)1(ln;

model  theon dependingconstant a  is ;)()(),(










We

DrdVdWrWeDrdN

1. 1. WeWe considerconsider twotwo modelsmodels withwith N=32768 (2N=32768 (21515) and N=262144 (2) and N=262144 (21818) ) starsstars..

2. 2. WeWe can can extractextract informationsinformations validvalid forfor the the entireentire cluster (cluster (notnot in a single in a single shellshell).).

3. The 3. The distributiondistribution functionfunction f=expf=exp((--H/H/kkθθ) ) maintainsmaintains itsits formform allall overover the cluster.the cluster.

4. 4. WeWe can can checkcheck the the distributiondistribution in in orderorder toto evaluateevaluate the total the total energyenergy ofof anyany single   single   
star.star.

Once Once obtainedobtained thisthis valuevalue, , wewe subtractsubtract gravitationalgravitational and and kinetickinetic
energyenergy and and obtainobtain the the valuevalue ofof the the effectiveeffective potentialpotential..
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ExtractingExtracting the information the information fromfrom the the NN--bodybody modelmodel

ββ22ssɛɛ=star =star kinetickinetic energyenergy

ΣΣ= = ββ22ssEE; r=s; r=srrRR00

RR00=1pc; =1pc; ββ=v=v00//σσ

vv00=1.29km/s=1.29km/s
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Effective potential

The The continuouscontinuous redred curvescurves referrefer toto the the expectedexpected behaviorbehavior ofof the the effectiveeffective potentialpotential..

The very small disagreement is due to transition from continuous to

discrete system depending by the choice of the radial-energy mesh.

This fact becomes critical in the center of the cluster (at low energies).
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Conclusions

- Analysis of data from Harris Catalogue excludes the possibility of any coincidence between the 
value corresponding to the peak of the W0-distribution of GCs and the old critical value of the 
onset of gravothermal instability (W0=7.4), as requested from the evolution of the GC population.
- The model is selfconsistent and admits regions with positive and negative specific heat
which can exchange energy and produce gravothermal instability without the necessity of an
external bath, improving the Lynden-Bell & Wood model.
- The old critical value is modified by the presence of the effective potential and now coincides
with the peak value of the observed distribution, removing the difference outlined by Katz. ThisThis
isis anan osservative osservative evidenceevidence ofof the the presencepresence ofof the the effectiveeffective potentialpotential..

ProblemsProblems and and perspectivesperspectives

- The W0-distribution of GSs (from Harris Catalogue) encourages the stability limit W0=6.91 
beyond any doubt. Considering a multi-mass function probably increases the spread between
these two values (W0 corresponding to the peak of the distribution decreases to lesser values). 
- New measurements about transversal star velocities can allow to analyze the real kinematics 
in globular clusters (at least in a single shell), giving the possibility to check the existence of the 
effective potential from observational data, instead of using numerical simulations.
- It is necessary to increase/improve observational data in different systems in order to obtain
better W0-distributions of GCs in M31 and NGC5128, able to detect fainter objects and avoiding
possible observative selection effects. ThisThis couldcould demonstratedemonstrate the the existenceexistence ofof a a uniqueunique
WW00--distribution distribution ofof GCsGCs validvalid forfor everyevery galaxiesgalaxies..
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