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How many clusters?
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From Allen, Evrard, Mantz (2011)
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The halo mass function 
and cluster number counts
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From Gaussian to non-Gaussian
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The universe we see around us is very 
non-Gaussian! What is the origin of 
these non-Gaussian structures, and 

how can we quantify them?
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Counting clusters: The Halo Mass Function
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The abundance of halos is known as the halo mass function. A 
general mathematical form is shown below (this compact form is 
due to Tinker et al. 2008, but all others can also be put in this form):

Here 
 σ is the RMS variance of a spherical top-hat containing mass M
 ρm = ρcrit Ωm is the mean matter density
 f(σ) is known as the halo multiplicity function (this is the part that 
sets one halo mass function apart from another)



• The mass function (MF) at redshift z, n(z,M), which is the number 
density of virialized halos found at that redshift within mass range of 
[M, M+ΔM], is connected to the observed number per redshift bin 
[z,z+Δz] and solid angle ΔΩ as

• Originally devised by Press and Schechter (1974, “PS theory”) based 
on simple analytical formulation. Not very accurate at low- and high-
mass ends.

• Nowadays we use fitting results from N-body simulations, whose 
accuracy have been confirmed to better than 5%

Observable Theory

# of clusters/galaxies 
per unit area and z
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Counting clusters: The Halo Mass Function
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The halo mass function origin
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• Consider the cosmic density field filtered on mass scale M

• Assume that density perturbations have collapsed by the time their 
linearly evolved overdensity exceeds some critical value δc

• Number density (abundance) of collapsed objects with mass M is 
then proportional to the integral of the tail of a Gaussian distribution 
above δc
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Press-Schechter formalism
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• The Press-Schechter derivation of the HMF is based on the assumption 
that the fraction of matter ending up in objects of a given mass M can 
be found by looking at the portion of the initial density field, smoothed 
to the same mass–scale M, that produces an overdensity exceeding a 
given critical threshold value, δc

• Under the assumption of Gaussian perturbations, the probability for a 
given point to lie in a region with δ > δc will be

• Here erfc(x) = 1-erf(x), is the complementary error function.

• δc ≈ 1.69 corresponds to the density contrast predicted from linear 
theory, which the initial density field must have, in order to be able to 
end up in a collapsed, virialized structure.

• PROBLEM: Integrating the above equation in the whole mass range 
gives                               This means only half the mass of the whole 
universe is accounted for in collapsed objects!
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Press-Schechter formalism
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• The reason is that we assigned zero probability for all the density peaks 
with δ < δc. These under-dense regions correspond to half the mass. These low 
density peaks end up inside collapsed halos of larger mass (halos in halos)

• Press-Schechter solved it by waving their magic wand, simply multiplying 
their result by 2. Modern approach based on excursion-set theory (e.g. 
extended Press-Schechter) naturally accounts for this missing factor 2.

• The previous equation gives the volume of objects in a given mass range. 
The number density of object will be obtained if we divide by the volume,                            
,                of each object. Thus the final form for PS mass function is



Observational Cosmology K. Basu:  Cosmology with Galaxy Clusters

HMF from Excursion Set theory
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๏ The smoothed density field 
performs random walks as 
function of the smoothing scale


๏ Collapsed objects form as soon 
as a critical threshold is reached


๏ Mass function involves two 
parameters: the total mass 
within a collapsing region, M, 
and the variance at that scale, σ.

For example, the parameter σ8, which is used for the normalization of the matter 
power spectrum, is defined as the variance of the density field, extrapolated to z=0 

with linear theory, when smoothed with top-hat filter of size R=8h-1 Mpc.
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Cosmological parameters enter through (1) the mass variance σM, which depends 
on the power spectrum and on the cosmological density parameters, (2) through 
the linear perturbation growth factor G(z), and, (3) to a lesser degree, through 
the critical density contrast δc.

Taking this expression in the limit of massive objects (i.e. galaxy clusters), the 
MF shape is dominated by the exponential tail. This implies that the MF be- 
comes exponentially sensitive to the choice of the cosmological parameters. In 
other words, a reliable observational determination of the MF of rich clusters 
would allow us to place tight constraints on cosmological parameters.

Dependence on cosmology
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The Halo Mass Function
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Despite  its  very  simple  premise,  Press-Schechter  formula  has  served 
remarkably well as a guide to constrain cosmological parameters from the 
mass distribution of galaxy clusters. Only with the advent of large N-body 
simulations  significant  deviations  of  the  PS  description  from the  exact 
numerical description is noticed. 

Press-Schechter (dashed curves)

Jenkins et al. (2001) mass function
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Computed from 
Tinker et al. (2008) 

mass function 

Cluster number count from theory



From Vikhlinin et al. (2009)
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Example: X-ray cluster number count

 14



Observational Cosmology K. Basu:  Cosmology with Galaxy Clusters  15

Left: Optical maxBCG sample with WMAP (Dunkley et al. 2009)
Right: 400 sq. deg. X-ray sample + others (Vikhlinin et al. 2009)

Note the almost orthogonal constraints from clusters
as compared to the CMB.

Cosmology results from cluster count
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Cosmology results from cluster count
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Cosmology with galaxy clusters
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• Growth of cosmic structure from cluster number counts (use 
of halo mass function)

• Measuring the large-scale angular clustering of clusters 
(clustering of clusters)

• Measuring distances using clusters as standard candles (joint 
X-ray/SZ effect fit)

• Using the gas mass fraction in clusters to measure the cosmic 
baryon density

• Measuring the large-scale velocity fields in the universe from 
kinematic SZE

• Constraints from SZ effect power spectrum 

• and more..
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The intra-cluster medium (ICM), 
its detection & modeling
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The Intra-Cluster Medium (ICM)

Coma cluster in optical and X-rays
Surprise from X-ray astronomy: the inter-galactic space is not empty!



• Majority of observable mass (i.e. majority of baryons) is in hot gas

• Temperature  T ~ 108 K ~ 10 keV (heated by gravitational potential)

• Electron number density ne ~ 10-3 cm-3 

• Mainly H, He, but with heavy elements (O, Fe, ..)

• Mainly emits X-rays (but also radio and gamma rays)

• LX ~ 1045 erg/s, most luminous extended X-ray sources in Universe

• Causes the Sunyaev-Zeldovich effect (SZE) by inverse Compton 
scattering the background CMB photons
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The Intra-Cluster Medium (ICM)
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Why the ICM is so hot?
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A cluster’s temperature directly relates to the depth of its potential well.

∝
σ ∝

Velocity dispersion is the optical analog of X-ray temperature.

Observationally,   σ2 = (1.0 ± 0.1) kB  TX / μ mp  (see figure)

Xue & Yu (2000)



• Most luminous extended X-ray sources in the 
extragalactic fields are galaxy clusters

• Clusters can be identified based on an extent 
criterion that distinguishes them from AGN, 
which are 10 times more abundant. This allows a 
very efficient and clean selection in extragalactic 
fields (|b|>20deg)

• In deep XMM exposures (>3h) clusters are 
visible out to z>1

• X-ray selection has a high contrast (ne2), 
allows accurate mass measurements, and search 
volumes can be quantified

• Additional optical cluster confirmation of a 
galaxy overdensity is needed

• distance measurements mostly with optical 
spectroscopy of cluster galaxies
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X-ray emission from galaxy clusters
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First X-ray images of clusters
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From the Uhuru satellite (1970−73), with two sets of proportional 
counters and roughly 5º imaging resolution

(From Kellogg 1973)
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ROSAT (1990-98) image of Coma
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ROSAT all-sky survey of galaxy clusters
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European X-ray observatories
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Thermal bremsstrahlung (free-free emission)
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Thermal bremsstrahlung, or the free-free emission, is a two-body process,
where the electrons and ions temporarily form a time-varying dipole

and emit radiation (at the expense of electron’s K.E.).

The most common application is thermal plasma where the 
particles have a Maxwellian velocity distribution.

The gaunt factor has a weak (logarithmic) frequency dependence
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Thermal Bremsstrahlung
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Emission from a single electron:

Emission from a thermal plasma:
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Bremsstrahlung from clusters
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Optically thick and optically thin:

Radio X-rays
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Bremsstrahlung from clusters
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X-ray emission spectrum from clusters

 31

Thermal Bremsstahlung
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X-ray emission spectrum from clusters
Thermal Bremsstahlung
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X-ray spectra
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X-ray spectroscopy offers the only viable method
of measuring the metal abundance in the ICM

X-ray spectrum of the Perseus

Cluster core from Hitomi data (2018)
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Projected (2D) → deprojected (3D) profiles
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Generally, the de-projection 
is done numerically using a 

spherical model consisting of
isothermal shells.

Analytic de-projection also
possible for very good data,

using Abel integral 
inversion method.
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X-ray density & temperature profiles
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From a representative sample of massive, nearby 
galaxy clusters (Arnaud et al. 2010)
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Derived pressure & entropy profiles

 36

Results for the Virgo cluster, Simionescu et al. (2017)

Pe = ne Te Se = Te / ne2/3 

Derived from the fundamental thermodynamic quantities ne and Te
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Universal pressure model

 37

(Nagai et al. 2007, Arnaud et al. 2010)

Generalized NFW (GNFW) model first
proposed by Nagai et al. (2007)

Integrated SZ signal is easily obtained
by integrating the pressure
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Derived mass profiles (Hydrostatic 
Equilibrium)

 38

(from Pointecoteau et al. 2005)
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When density and temperature profiles 
are known, i.e. when one can determine 
the ICM pressure profile, then the total 

cluster mass can be computed 
assuming hydrostatic equilibrium.

This is the condition when the thermal 
pressure balances gravitational force. 

This is the most commonly used method 
for cluster mass determination in X-rays, 
but we now know that it can be biased 
(i.e. when thermal pressure is not the 

only force balancing gravity).
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Hydrostatic equilibrium - I.
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Hydrostatic equilibrium - II.
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(from                       )

(μ=0.6 is the mean molecular weight in a.m.u. for ICM plasma) 
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Gas mass fraction
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Since galaxy clusters collapse from a scale of ~10 Mpc, they are 
expected to contain a fair sample of the baryonic content of the 
universe (mass segregation is not believed to occur at such large 
scales).

The gas mass fraction, fgas, is therefore a reasonable estimate of the 
baryonic mass fraction of the cluster. It should also be reasonable 
approximation to the universal baryon mass fraction, fB = ΩB / Ωm

                                   In reality, fgas ≤ fB always!
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Gas mass fraction
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Since galaxy clusters collapse from a scale of ~10 Mpc, they are 
expected to contain a fair sample of the baryonic content of the 
universe (mass segregation is not believed to occur at such large 
scales).

The gas mass fraction, fgas, is therefore a reasonable estimate of the 
baryonic mass fraction of the cluster. It should also be reasonable 
approximation to the universal baryon mass fraction, fB = ΩB / Ωm

                                   In reality, fgas ≤ fB always!
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See recent review: arXiv:1811.02310 Coma cluster from Jens Erler’s master’s thesis, 
created using ILC method and Planck data

Clusters in the thermal SZ effect
Inverse Compton scattering of CMB photons by 

the hot electrons in the ICM
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Thermal SZ effect summary
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Integrated Comptonization parameter
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X-ray and SZ-effect comparison



Sine the SZ effect is a scattering of the background CMB photons, the 
effect of the cosmic expansion is the same on both the scattered and un-
scattered photons. In other words, the signal is independent of redshift!

Hence if you can resolve the cluster, the total flux density within the 
telescope beam remains constant no matter the distance of the cluster, 

provided the intrinsic property of the cluster remains the same.
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Redshift independence of the SZ effect

 47



Observational Cosmology  48K. Basu:  Cosmology with Galaxy Clusters

“Beam dilution” of the SZ effect
However,  if  the  instrument 
beam is larger than the cluster, 
then the flux generated by the 
SZ  effect  gets  weaker  as  the 
cluster  is  more  distant  and 
hence  smaller  in  angular 
diameter  (think  of  a  surface 
with uniform brightness getting 
smaller).  This  causes  a 
redshift-dependent  selection 
for  some SZ experiments,  like 
Planck (upper figure on right). 

For Ground-based experiments 
with ~1 arcmin beam size, like 
SPT,  this  is  not  a  problem, 
since clusters above 2x1014 M⊙ 
do not get any smaller! In fact, 
the mass threshold goes down 
slightly,  as  the  clusters  get 
denser and hotter at high-z.
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Cluster catalogs from SZ
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~700 confirmed galaxy clusters 
from the SPT 2500 deg2 field


(Bleem et al. 2015)
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Cluster radii
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Where are the boundaries of a cluster?
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Overdensity radii
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Cluster virial radius
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Beware: r200  is not the same thing as virial radius
but simulations show r200 to be a fair approximation

In a spherical  collapse model,  the behaviour of a mass shell  will 
follow the equation:

Under  simplistic  assumption  (“top-hat  model”,  which  means  the  cluster  is 
assumed to be of constant density), the mean density of perturbations that 
lead to collapse is 18π2 ≈ 178 for flat, EdS cosmology. 

For ΛCDM the solution is:

Thus for z=0, the “virial radius” should be ~ r100 
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Radii comparison & obs probes
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X-ray
strong lensing

X-ray
SZE

weak lensing
SZE

weak lensing

R2500
~ 0.3 R200
~ 0.5 Mpc

R500
~ 0.7 R200
~ 1 Mpc

R200
~ 1.5 Mpc

Roncarelli, Ettori et al. 2006



Beta model of ICM is one of the 
earliest and most commonly used, 
and provides a consistently good 
empirical fit!

For cool core clusters, a better
fit for density is double β-model
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Parametric models for the ICM
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SX SX0
-3β+(1/2)

Squaring and projecting:
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X-ray and SZ in β-model
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The most convenient feature of isothermal β-model is that X-ray surface 
brightness and SZE decrement in projection takes simple analytical forms 

These two equations are the results of the following two integrals:

integration is along the line of sight dl = DA dζ
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Solving for distance, DA
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From Reese et al. (2002)
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H0 from SZ/X-ray measurements
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2006
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Cluster selection and 
scaling relations
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Cluster scaling relations
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The problem: 

The solution:  Galaxy cluster scaling relations 
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Scaling relations

 60

Prediction in terms of mass                                    Detection via X-ray flux, 
SZ flux, optical richness  

dN /  dz dM           ➞           dN / dz dF



Prediction in terms of mass                                    Detection via X-ray flux, 
SZ flux, optical richness  

dN /  dz dM           ➞           dN / dz dF
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Scaling relations

 61
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Self-similar scaling
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The simplest model to explain cluster physics is based on
the assumption that only gravity determines its properties.

This makes clusters just scaled version of each other!

For hydrostatic equilibrium: 
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Self-similar scaling
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The simplest model to explain cluster physics is based on
the assumption that only gravity determines its properties.

This makes clusters just scaled version of each other!
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M-T scaling relation
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M-L and L-T relations
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Measured slopes for L∝MY is 
Y ~ 1.5 — 2.2
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M-L and L-T relations

 66

∝
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SZ scaling relations

 67
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Yx: a low-scatter mass proxy
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Yx is defined analogous to SZ integrated Y parameter: it is
the X-ray analogue of total thermal pressure

We expect YX to be proportional to YSZ: 

but this relation is not exactly 1:1 because
the two signals weigh the gas temperature differently.

Observationally,  Y dA2  is proportional to YX0.85 - 0.9

This is used to calibrate SZ data based on X-ray observations
(e.g. as done for Planck cluster count cosmology)
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Yx and Ysz comparison
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From Planck collaboration (2011)
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Scaling relation biases
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Astrophysical biases: X-ray cool-cores
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From Million & Allen (2009)
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Cool-core bias in L-T scaling
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L-T relation for relaxed and non-relaxed clusters, before and after
removing the core component (from Maughan et al. 2012)

Example of violation of self-similar scaling!
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Questions?

 73


