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Cluster mass and observables
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Cosmology with galaxy clusters
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• Growth of cosmic structure from cluster number counts (use of 
halo mass function)

• Measuring the large-scale angular clustering of clusters
(“clustering of clusters”)

• Measuring distances using clusters as standard candles (joint 
X-ray/SZE)

• Using the gas mass fraction in clusters to measure the cosmic 
baryon density

• Measuring the large-scale velocity fields in the universe from 
kinematic SZE

• Constraints from SZ effect power spectrum 

• and many other..
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Windows to galaxy clusters
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• Optical: σv , Ngal

• X-ray: LX, TX

• Millimeter: YSZ

• Optical: Red sequence,
                lensing shear

• Radio: halo, relic, etc.
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Mass budget in galaxy clusters
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(The name “galaxy clusters” is a misnomer)

• ~2% mass in galaxies
• ~13% in the hot, ionized intra-cluster plasma 
(baryon that didn’t make it to the galaxies)
• ~85% dark matter
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Example: Coma cluster
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White et al. (1993)



Fritz Zwicky noted in 1933 that 
outlying galaxies in Coma cluster 
moving much faster than mass 
calculated for the visible galaxies 
would indicate
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Discovery of Dark Matter
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Fritz Zwicky (1898 - 1974)

Virial Theorem:    2〈T〉= -〈V〉



The virial theorem (for gravitational force) states that, for a stable, self-gravitating, 
spherical distribution of equal mass objects (stars, galaxies, etc), the total kinetic energy 
of the objects is equal to minus 1/2 times the total gravitational potential energy. 

Suppose that we have a gravitationally bound system that consists of N individual objects 
(stars, galaxies, globular clusters, etc.) that have the same mass m and some average 
velocity v. The overall system has a mass Mtot = N.m and a radius Rtot.
The kinetic energy of each object is K.E.(object) = 1/2 m v2

while the kinetic energy of the total system is K.E.(system) = 1/2 m N v2 = 1/2 Mtot v2
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Virial theorem
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Virial theorem and hydrostatic 
equilibrium condition

9

The virial theorem is more restrictive than the hydrostatic equilibrium condition, 
because it assumes the self-gravitating system has reached equipartition 

between its kinetic energy and potential energy!

The application of hydrostatic equilibrium, on the other hand, only requires us to 
assume the net acceleration of the gas at any point (resulting from the sum of 

gravitational and hydrostatic forces) is zero.

The virial theorem is then derived from the HE equation under 
suitable boundary conditions.
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Discovery of Dark Matter
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Fritz Zwicky (1898 - 1974)

The mass of a self-gravitating system in equilibrium:

M = R v2 / G

This assumes velocities in equilibrium. But two-body relaxation process 
with galaxies is extremely slow. How do galaxy clusters (and so to speak, 
also galaxies containing stars) attain equilibrium?



The thermalization of the molecules e.g. in this lecture room is achieved by 
two-body collisions moderated by short range forces. For stars in galaxies 
and galaxies, and Dark Matter particles in clusters of galaxies, we have to 
deal with long range forces. Here calculations show that two-body 
interactions are very ineffective. The thermalization of stars in galaxies 
would take many Hubble times.
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Violent relaxation
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How do equilibrium configurations 
form even when relaxation is so slow ? 
How is an approximately Maxwellian 
velocity distribution achieved, if two-
body relaxation is so slow?

Answer: „Violent Relaxation“ – mixing 
of phase space in the strong fluctuating 
gravitational potential when the cluster 
forms (theory by Lynden-Bell) – the fine 
grained phase space density is 
preserved but the coarse grained phase 
space density is mixed. arXiv: astro-ph/9602021
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Violent relaxation

Toward the late stages of the merger the shape of the gravitational potential 
begins changing so quickly that galaxy orbits are greatly affected, and lose 
any memory of their previous orbit.

Proof: n
o velocity

 

segregation 

in clu
sters

(m mass of particle)
(collisional)
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Dark matter with galaxy clusters
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Clowe et al. 2006

Abell 3827
(Massey et al.

2015)
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Cluster radii
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Where are the boundaries of a cluster?
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Overdensity radii
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Cluster virial radius
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Beware: r200  is not the same thing as virial radius
but simulations show r200 to be a fair approximation

In a spherical collapse model, the behavior of a mass shell follows the equation:

Under simplistic assumption (“top-hat model”, which means cluster is 
assumed to be of constant density), the mean density of perturbations that 
lead to collapse is 18π2 ≈ 178 for flat, EdS cosmology. 

For ΛCDM the solution is:

Thus for z=0, the “virial radius” should be ~ r100 
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Radii comparison
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X-ray
strong lensing

X-ray
SZE

weak lensing
SZE

weak lensing

R2500
~ 0.3 R200
~ 0.5 Mpc

R500
~ 0.7 R200
~ 1 Mpc

R200
~ 1.5 Mpc

Roncarelli, Ettori et al. 2006
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The intra-cluster medium (ICM),
its detection & modeling
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The Intra-Cluster Medium (ICM)

Coma cluster in optical and X-rays
Surprise from X-ray astronomy: the inter-galactic space is not empty!



• Majority of observable cluster mass (majority of baryons) is hot gas

• Temperature  T ~ 108 K ~ 10 keV (heated by gravitational potential)

• Electron number density ne ~ 10-3 cm-3 

• Mainly H, He, but with heavy elements (O, Fe, ..)

• Mainly emits X-rays (but also radio and gamma rays)

• LX ~ 1045 erg/s, most luminous extended X-ray sources in Universe

• Causes the Sunyaev-Zel’dovich effect (SZE) by inverse Compton 
scattering the background CMB photons
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The Intra-Cluster Medium (ICM)
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Why the ICM is so hot?
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A cluster’s temperature directly relates to the depth of its potential well.

∝
σ ∝

Velocity dispersion is the optical analog of X-ray temperature.

Observationally,   σ2 = (1.0 ± 0.1) kB  TX / μ mp  (see figure)

Xue & Yu (2000)



• Most luminous extended X-ray sources in the 
extragalactic fields are galaxy clusters

• Clusters can be identified based on an extent 
criterion that distinguishes them from AGN, 
which are 10 times more abundant. This allows a 
very efficient and clean selection in extragalactic 
fields (|b|>20deg)

• In deep XMM exposures (>3h) clusters are 
visible out to z>1

• X-ray selection has a high contrast (ne2), 
allows accurate mass measurements, and search 
volumes can be quantified

• Additional optical cluster confirmation of a 
galaxy overdensity is needed

• distance measurements mostly with optical 
spectroscopy of cluster galaxies
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X-ray emission from galaxy clusters
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First X-ray images of clusters
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From the Uhuru satellite (1970−73), with two sets of proportional 
counters and roughly 5º imaging resolution

(From Kellogg 1973)
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ROSAT (1990-98) image of Coma
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European X-ray observatories
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Thermal Bremsstrahlung
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Emission from a single electron:

Emission from a thermal plasma:
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Bremsstrahlung summary
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X-ray emission from clusters
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Thermal Bremsstahlung
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X-ray emission from clusters
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Thermal Bremsstahlung
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X-ray spectra
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X-ray spectroscopy offers the only viable method
of measuring the metal abundance in the ICM



Observational Cosmology Lectures 10+11:  Cosmology with Galaxy Clusters

Projected (2D) → deprojected (3D) profiles
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Generally, the de-projection 
is done numerically using a 

spherical model consisting of
isothermal shells.

Analytic de-projection also
possible for very good data,

using Abel integral 
inversion method.
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X-ray density & temperature profiles
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From a representative sample of massive, nearby 
galaxy clusters (Arnaud et al. 2010)
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More: pressure & entropy profiles
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Results for the Virgo cluster, Simionescu et al. (2017)

Pe = ne Te Se = Te / ne2/3 

Derived from the fundamental thermodynamic quantities ne and Te
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Hydrostatic equilibrium - I.

35



Observational Cosmology Lectures 10+11:  Cosmology with Galaxy Clusters

Hydrostatic equilibrium - II.
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X-ray total mass from H.E.
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Gas mass fraction
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Since galaxy clusters collapse from a scale of ~10 Mpc, they are 
expected to contain a fair sample of the baryonic content of the 
universe (mass segregation is not believed to occur at such large 
scales).

The gas mass fraction, fgas, is therefore a reasonable estimate of the 
baryonic mass fraction of the cluster. It should also be reasonable 
approximation to the universal baryon mass fraction, fB = ΩB / Ωm

                                   In reality, fgas ≤ fB always!
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Gas mass fraction
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Since galaxy clusters collapse from a scale of ~10 Mpc, they are 
expected to contain a fair sample of the baryonic content of the 
universe (mass segregation is not believed to occur at such large 
scales).

The gas mass fraction, fgas, is therefore a reasonable estimate of the 
baryonic mass fraction of the cluster. It should also be reasonable 
approximation to the universal baryon mass fraction, fB = ΩB / Ωm

                                   In reality, fgas ≤ fB always!
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Results for cluster cosmology
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Allen, Evrard & Mantz 2011



Observational Cosmology

The Sunyaev-Zel’dovich (SZ) effect
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The Sunyaev-Zel’dovich (SZ) effect
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Spectrum of the SZ effect
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Spectrum of the SZ effect
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The following definitions are used:

and

The y-parameter is the line-of-sight
integral of pressure:
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Different types of SZ effect
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tSZ

kSZ

rSZ

pSZ

ntSZ

Credit: Hand et al.
ACT collaboration

The kinetic SZ (kSZ) effect is caused by the motion of the 
scattering electrons as a whole (bulk motion), which causes a 

Doppler shift in the energy.

A polarized SZ (pSZ) effect can arise from scattering of the 
quadrupole  radiation in the cluster frame, both primordial 

and due to cluster’s motion.



Thermal SZE is a small (<1 mK) distortion in the CMB caused by 
inverse Compton scattering of the CMB photons

Total cluster flux density is independent of redshift!
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Properties of the (thermal) SZ effect
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SZ cluster surveys
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Atacama Cosmology Telescope (ACT) South PoleTelescope (SPT)

Planck

CCAT Telescope
(to be built 2021)



• 12-m on-axis ALMA prototype

• Located at the Chilean altiplano, elevation 5100 m

• 1 arcmin reolution @ 150 GHz, 0.4 deg FoV

● Surface accuracy 18 μm
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APEX telescope
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Clusters detected by APEX-SZ

50



Observational Cosmology Lectures 10+11:  Cosmology with Galaxy Clusters

Modeling the ICM
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Parametric models for the ICM
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A consistently good 
empirical fit!

For cool core cluster a better
fit for density is double β-model
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ICM and galaxy density profile
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ICM and galaxy density profile
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Singular Isothermal Sphere (SIS) model:
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ICM and galaxy density profile
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King model:
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ICM and galaxy density profile
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The β model:

We should expect β = 1.
But clusters are not in perfect 

hydrostatic equilibrium, neither the 
mass profile is a King profile. 

Hence βfit < 1 (usually βfit ≈ 2/3)
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X-ray and SZ in β-model
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The most convenient feature of isothermal β-model is that X-ray surface 
brightness and SZE decrement in projection takes simple analytical forms 

These two equations are the results of the following two integrals:

integration is along the line of sight dl = DA dζ
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Solving for ne(0) with β-model
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Integrating over density distribution gives total gas mass:
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Solving for dA
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From Reese et al. (2002)
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H0 from SZ/X-ray measurements
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Universal temperature model
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(Vikhlinin et al. 2006)
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Universal pressure model
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(Arnaud et al. 2010)

Generalized NFW (GNFW) model first
proposed by Nagai et al. (2007)

Integrated SZ signal is easily obtained
by integrating the pressure



Observational Cosmology Lectures 10+11:  Cosmology with Galaxy Clusters

Cluster selection and
scaling relations
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Cluster scaling relations
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The problem: 

The solution:  Galaxy cluster scaling relations 
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Scaling relation from Bayesian PoV
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Bayes’ theorem makes clear that identifying the most likely 
cosmology (C) is dependent on knowing how likely the observations 
(R) are within that cosmological model:

P(C|R) ~ P(R|C) Pprior(C)

For galaxy clusters, nonlinear dynamics and astrophysical 
uncertainties (e.g. uncertain baryonic physics) complicate the 
computation of the observable likelihood  P(R | C) .

The question of computing the likelihood can be split into two parts:

• How many clusters of mass M exist in this cosmology at redshift z?

• What is the likelihood that a cluster of mass M at redshift z will 
have temperature Tx (or some other observable)
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Scaling relations
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Prediction in terms of mass                                    Detection via X-ray flux, 
SZ flux, optical richness  

dN /  dz dM           ➞           dN / dz dF



Prediction in terms of mass                                    Detection via X-ray flux, 
SZ flux, optical richness  

dN /  dz dM           ➞           dN / dz dF
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Scaling relations
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Self-similar scaling
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The simplest model to explain cluster physics is based on
the assumption that only gravity determines its properties.

This makes clusters just scaled version of each other!

For hydrostatic equilibrium: 
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Self-similar scaling
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The simplest model to explain cluster physics is based on
the assumption that only gravity determines its properties.

This makes clusters just scaled version of each other!
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M-T scaling relation
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M-L and L-T relations
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M-L and L-T relations

72



Observational Cosmology Lectures 10+11:  Cosmology with Galaxy Clusters

SZ scaling relations
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Scaling relation biases
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Biases in selection
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Different observable, but
one still gets a bias from

correlation between 
observables
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Astrophysical biases: X-ray cool-cores
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From Million & Allen (2009)
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Cool-core bias in L-T scaling
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L-T relation for relaxed and non-relaxed clusters, before and after
removing the core component (from Maughan et al. 2012)

Example of violation of self-similar scaling!
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Yx: a low-scatter X-ray mass proxy
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Mgas is also good mass proxy, but relatively larger scatter (~15%)

Figure from Kravtsov, Vikhlinin & Nagai (2006)
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Yx: a low-scatter mass proxy
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Yx is defined analogous to SZ integrated Y parameter: it is
the X-ray analogue of total thermal pressure

We expect YX to be proportional to YSZ: 

but this relation is not exactly 1:1 because
the two signals weigh the gas temperature differently.

Observationally,  Y dA2  is proportional to YX0.85 - 0.9
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Yx and Ysz comparison
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From Planck collaboration (2011)



Observational Cosmology Lectures 2+5 (K. Basu):  CMB  theory and experiments

Questions?
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